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Abstract

In this paper, we introduce Jungck-modified SP-iteration and we study its rate convergence with respect to the
rate convergence Jungck-Mann, Jungck-lshikawa, Jungck-Noor, Jungck-SP, Jungck-CR, Jungck-Karahan,

Jungck-Picard S- iterative schemes.
Keywords: Jungck iterations; convergence; rate of convergence.
1. Introduction and Preliminaries

In 1976 Jungck has studied the common fixed points of self-mappings [1], but he has noted that Pfeffer [2] had
discussed anointer dependence between the commuting mapping and the fixed point concepts, thus he highlights

this interdependence but in a more general context.

1.1 Proposition [1]: Let S be a mapping on a set X into itself. Then Shas a fixed point if and only if there is
a constant mapping T: X — Xwhich commutes with S i.e T(5(x)) = S(T(x) for all x in X.

Hence he has extended this proposition to a common fixed point concept.

* Corresponding author.
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1.2 Theorem [1]: Let S be a continuous mapping of a complete matric space (X.d) intoitself. Then S has a fixed

point in X if and only if there exists Lin (0.1) and a mapping T: X — X which commutes with S andsatisfies
T(X) € S(X) and d(T(x).T(y)) < kd(S(x).S(»)) (1.1)

Forall x.y € X. Indeed S and T have common fixed point if (1.1) holds.

From the proof of the above theorem, the Jungck Picard iterative scheme is appeared

1.3 Definition [1]: Let C be a subset of a set X. T.S:C — C be two self mappings such that T(C) € S(C)then

forx, €C
S(xn41) =T(xp); n € N. (1.2)
Also Jungck contraction mapping is introduced in [1].

1.4 Definition [1]: let C be a nonempty subset of a normed space X, thenT.S:C — C are called Jungck-

contraction mapping if there exist k € (0.1)such that
[ITx — Ty|| < k||Sx — Sy|| forallx.y € C

Jungck- non expansive mapping if we have

[[Tx —Ty|| < ||Sx — Sy|| forallx.y € C

After that Jungck and his colleagues tried to weak the commuting condition. Thus in 1996 Jungck and his
colleagues [3] introduced the following definition that dependence on confidence point concepts, recall that a

point x € C is acoincidence point of S and T if Sx = Tx[4], [5].

1.5 Definition[6]: Let (E.d) be a metric space, C be a nonempty subset of E, and S and T be self-maps of
C.The pair (S.T) is calledweakly compatible if STx = TSx forall x € C(S.T) .

Since 2005 many authors introduce different types of Jungck scheme like as the following.

1.6 Definition: Let C be a subset of a setX,T.S:C — C be two self mappings such that T(C) € S(C),
{an} {Bn}. {y} be real sequencesin [0.1], then

1 The Jungck-Mann scheme: define the sequence {S£,} by Singh et al [7] as:
t, €C
. . . 13
{Sthr1 =1-a,)St, + a,Tt, (13)
2 The Jungck- Ishikawa scheme: define the sequence{Sa, .}, by Olatinwo[8], as
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a, €C
Say.1 =1 —a,)Sa, + a,Th, (1.4)
Sb, = (1 —-B)Sa, + B,Ta,;n €N

3 The Jungck-Noor scheme: define the sequence {Sw,}, by [9] as

wy, €C
SWwpi = A —a)Sw, + a,Tu,
Suy = (1= Bp)Swn + BuTvy
Sv, =1 =y )Sw, + v Tw,;n EN

(1.5)

4 The Jungck-SP scheme: define the sequenceSa,,, by Chugh and Kumar [10] as

( a, €C

# Sap. = (1 —a,)Sh, + a,Th,
SBn = (1 - ﬁn)56n + ﬁnTén

kSén =1-y,)Sa, + y,Tda,;n €N

(1.6)

5 The Jungck-CR scheme: define the sequence{Sw, }[10] as

! SWpyr = (1 — apy)St, + a,Th, (17)

Si, = 1- ﬁn)SWn + BnT,
SO, =1 —y)SW, + y,TW,;n €N

Motivated by the above definition, we introduce the following Jungck type iterative procedures:

1.7 Definition: Let C be a subset of a set X, T.5:C—>C be two self mappings such that
T(C) € S(C).fa,}.{Bn}. {yn}be real sequences in [0.1]

1 The Jungck-Karahan scheme: define the sequence {Sw, } as

Wy €C
J SWpyr = (1 — ap )T, + a,Ti,

Sty = (L= IS + aT, (8)
Sv, = (A —y)SW, + y,TW,;n €N
2 The Jungck-Picard-S scheme: define the sequence {Sx,,} as
Sz, =Ty,
P = (1 — a)SEn + anT2n (1.9)
S22, =1 —B)S%y + TBpxn;n €N
3 The Jungck-modified SP-iteration scheme: define the sequence {Sx,, }as
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xXo EC
Sxn =Ty,
Sy, =01 —a,)Sz, + a,Tz,
Sz, = (1 —B)Sx, + BpnTx,;n EN

(1.10)

Where {a,,}. {B,.}. {y..}be real sequences in [0.1].

In 2013, Aggarwal and his colleagues [11] introduce the concept of Jungcknon-expansive mapping

1.8 Defention1.4 [11]: let C be a nonempty subset of normed linear spaceX, thenT.S: C — C are called Jungck-

nonexpansive mapping if we have

ITx — Ty|| < ||ISx —Sy|| forallx.y € C

1.9 Lemma [12]: Let X be uniformly convex Banach space and 0 <p < t, < q <1 for all n € N. Suppose
that {x,} and {y,} are two sequence in X such that lim, ., supx, <a , lim,_,supy, <a and

lim,,_,., sup||tyx, + (1 — t,)y,ll = a, holds for some a > 0, then lim,,_,.||x, — y,ll =0.

In the next three sections we establish our main results. In the second section, we will discuss the results of
strong convergence and common fixed point of Jungck-modified SP-iteration. In the third section, compare
speed of Jungck-modified SP-iteration with various Jungck-iterative shames with certain condition. In the fourth

section, we prove the stability result of and established data dependence result of Jungck-modified SP-iteration.

2. Strong Convergence and Common Fixed Point

In this section we will discuss the strong convergence for the iterative (1.10).The following proportion states the

images of the sequence {x,} under T.S are closed to each other as far as possible.

2.1 Proposition: Let C be a nonempty closed convex subset of a Banach space X, T.S: C - Cbe self-mappings
satisfying Jungck- nonexpansive mappings. If {Sx, } generated by (1.10).with forsome 1; 0 <A< fB,.a, <1

for all n € N, then:

1 lim,,_,.||Sx, — P|| exists forallp € F

2 lim,, o |ITx, — Sx,l| =0

Proof:part(1): Let p be a common fixed point of S andT, then:

ISxn41 = Pll = ITyn — Pl < ISy — Pll = (1 — @,)Sz, + @, Tz, — P
< (1 - an)”SZn - P” + an”TZn - P”
< (1 - ap)llSz, — Pll + a,llSz, — Pll = ISz, — Pl (2.1)

Now,
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”Szn - P” = ”(1 - ﬁn)sxn + ﬁnTxn - p” < (1 - ﬁn)”sxn - P” + .Bn”Txn - P” = ”an - p” (22)

From (2.1) and (2.2) we have,||Sx,.1 — P|| < ||Sx, — p|| for alln € N. This shows that||Sx, — p|| is non-

increasing, thus the prove of part(1) is complete.

Part(2): Now we will prove that lim,,_,.||Sx,, — P|| =0:

By part(1) there exists ¢ € R; lim,,_,.||Sx, — P|| = cimplies that

lim,,_,,, sup||Sx, — P|| < ¢ (2.3)

Since ||Tx,, — P|| < ||Sx,, — p|| implies that

lim,,_,, sup||Tx, —pll < ¢ (2.4)

From (2.1) we get, ¢ < lim,,_,, inf ||Sz, — pl|

By (2.2) we get:

lim,,_,,, sup ||Sz, —pll < ¢ (2.5)

Form (2.4) (2.5)we obtain that:

lim,,_,., sup ||Sz, — pll < c< lim,_,,, inf ||Sz, — pl| (2.6)

So lim,,_,,||Sz, — pll = c. Hence, this implies that

¢ = limy . [1Sz, = pll = limy o [|(1 = Br) (S — P) + Bn(Txn — P @.7)
By using lemma (1.3) and from (2.3), (2.4),(2.7) we get lim,,_,..||Tx,, — Sx,|| = 0.

The following corollary show that {Sx,}defined by the three-stepiterative Jungck-modified SP-iterative (1.10)

converge strongly toa fixed point of Fwith a certain conditions.

2.2 Corollary: Suppose that all hypotheses of proposition (2.1) are satisfied. Iflim,,_ inf d(Sx,.F) =0
or lim,,_,,, sup d(Sx, . F) = 0, then {Sx,, } converge strongly to a fixed point of Sand T.

Proof: By Proposition (2.1l), we know lim,,_,||Sx,, — P|| exists for all p € F, therefore d(Sx,, . F) exists for
allp € F. But by hypothesis we getlim,,_,, inf d(Sx,, . F) = lim,_,, sup d(Sx,, . F) = 0. Henced(Sx,, .F) =
0.We will show that {Sx},, is a Cauchy sequence in C, let e > 0. Since d(Sx,, . F) = 0, thenthere exists n, € N
such that

d(Sxy .F) <7 for all n=n, In particular, inf{]|Sx,, — p|[} <. Hence there exists p* € F such that

||an0 —p < %.NOW for all m.n < ng,|[Sxpim — Sxull < 1S%4m — 07l + 11Sx,, — p*|l < &. Hence {Sx,.}

270



International Journal of Sciences: Basic and Applied Research (IJSBAR)(2015) Volume 24, No 7, pp 266-277

is Cauchy sequence, but C is closed in a Banach space,therefore it must be converge to a pointzin C.

Sincelim,,_,,, d(Sx,, . F) = 0, gives that z € F , thus{Sx,,} Converge strongly to a fixed pointz € F .m

The following corollary prove that {Sx,} defined by the three-stepiterative Jungck-modified SP-iterative (1.10)

converges strongly to afixed point in F with different certain conditions.

2.3 Corollary: Suppose all hypothesis of (2.1) are satisfied. If there exists a non-decreasing function
f:[0.0) - [0.0) with f(0) =0and f(r) > rfor all r € (0.0)such that f(d(Sx.F)) < ||Sx — Tx|| for all

x € C, then {Sx,} converge strongly to a point of F.

Proof: From Proposition(2.1), lim,,_,. || Tx, — Sx,|| = 0 .thus, limf(d(Sx.F)) < lim||Sx — Tx|| = 0, that is,
limf(d(Sx.F)) = 0. Sincef:[0.o0) = [0.%0) is non-decreasingfunction satisfying f(0) = 0. f(r) > r for all
n—-oo

r € (0.), hencelim,,_,,, d(Sx, .F) = 0.Thus the conditions of Corollary(2.2) are hold, therefore {Sx,}

converges strongly to a point of F.m

The following theorem show that Jungck-modified SP-iterative (1.10) convergence strongly to unique common

fixed point of F.

2.4 Theorem: Let X be a Banach space, and S.T: X — X are Jungck-contraction mappings, weakly compatible
assume that T(X) € S(X), let Sq = Tq = p, and {Sx,,} generated by (1.10) withsome 1; 0 <A< B,.a, < 1.
Then the Jungck modified SP-iteration converge strongly to p

Moreoverp is the unique common fixed point of (S, T).

Proof: Since S.T are Jungck contraction mappings then

ISXp41 = 2l = ITyn —p |
< LliSyn— pl
=L[1 - a,(1 = LD)]lISz, —pll
= L[1 -2 - D]ISz, —pll(2.8)

But,
ISz, —pll = I(1 = Bp)Sxp + BrTx, — pll
< (1 - ﬁn)”sxn - p” + ﬁn”Txn - P”
S@A=p(1—=L)) lISxn, —pll
< (1-20-L)) ISx, —pll (2.9)

Substituting (2.8) in (2.9) we have, [|Sx,4, — pll < [L(1 — 2(1 - L))]2 ISx, — p||. By indication we get

S22 =PIl < [L(1 = 2(1 = L))]*" [ISx, — pl
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Take the limit for both sides and since (1 — A(1 — L)) € (0.1), thus {Sx,,} converges strongly to p.
the uniqueness of the fixed point p of (S.T) comes from S. T are Jungck-contraction mappings and 0 < k < 1.

Now since S.T are weakly compatibleand p = Tq = Sq then Tp = TSq = STq . Hence Tp = Sp and
TTp = TSp = STp, therefore Tp is coincidence of S.T but the coincidence point is unique, sop = Tp. Thus
Sp = Tp = p . Therefore pis the uniqgue common fixed point of (S.T).m

3. Rate of Converge

We turning our iteration to the speed of varies Jungck iterative schemes with Jungck-modified SP-iterative
scheme for a pair of Jungck contraction mappings using certain condition. First we give a theorem that say
Jungck-modified SP-iteration (1.10) converges faster than Jungck-Mann iteration (1.3}), Jungck-Ishikawa
iterative (1.4)top € F .

3.1 Theorem: Let X be a normed space and Che a nonempty closed convex subset of X, S.T:C — C be self
mappings satisfied Jungck-contractionmappings, such that T(C) € S(C) . If thereexist1; 0 <A< B,.a, <1
for all n, then theJungck-modified SP-iteration (1.10) convergefaster than Jungck-Mann(1.3) and Jungck-
Ishikawa (1.4)top € F .

Proof: Let p € F , for Jungck modified SP-iteration (1.10), we obtain

ISXps1 — 2l = Ty —p Il < LISy — Pl
< L[l - an(l - L)]”(l - ﬁn)sxn + ﬁnTxn - P||
< L1 —a,(1 - DI[(1— B.(1 —L)]IISx, — pll

< (1- (1 = 1))’ IS, —pl
By induction, we get, |[Sxp,41 — 2 || S [L(1— 2 (1 —=L))?]" |ISxo — Pl
Put:
JMS, = [L(1 = A1 =D IS —pll - (3.1)
From Jungck-Mann iteration (1.3), and by induction, we obtain that
ISEnss — p Il < [ — 2 — D]™ISE, — pll

Put,

JMA, =[(1 —2Q = LISt — pl|

From Jungck-Ishikawa process (1.4), we obtain that
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ISan — pll < [1 =21 = L) = LA2(1 = L)]"ISao — pll
Put,
JIS, :==[1-2(1 - L) = L2*(1 — L)]"lISa, — pl
Now after simple compute we get:

JMS, _ [k(1- A(1-K))?" ||Sxo—pll

as n —

JMA, — [1-A(A-L)I" IS0l
and
JMS, _ [k(1-2(1-K))]*" lISxo—pl|

= -
JiAn  M-A0-D-LA2(A-Dlisag—pll &> 7%

Hence {Sx,, }Jconverges to pfaster than {Sf,} and{Sa,,}.m

The following theorem shows that Jungck-modified SP-iterative (1.10)converges faster than Jungck-Noor (1.5)

and Jungck-Karahan (1.8) top € F.

3.2 Theorem: Let C be a nonempty closed convex subset of a normed space X,S.T:C — C be self mappings
satisfied Jungck-contraction mappings,assume that T(C) & S(C).If there existA; 0 <A < B,.a, < 1 for all
n € N, then theJungck-Modified SP-iteration (1.10) converges faster than Jungck-Noor(1.5) and Jungck-
Karahan (1.8)top € F.

Proof: Let p € F, from Jungck-Karahan iterative (1.8), we get

ISWns1 — pll = 11 — @) TW, + an T, — pli
< LA = a)lISW, — pll + anLllSt, — pll
< L[ = a)lISw, — pll
+ an (L1 = BISW, — pll + LB (1 — v )IISW, — pll + L2 Bn¥nllSW, — pID]
L(1 = a,(1 = L) = LanBpyn (1 = L))IS®, — pl|
L(1-2(1-L1L) - L2331 - L)ISw, —pll

IN

IA

IA

[L(1 =21 = L) = LA = L)]"[ISW, — pll
Let,
JKA, = [L(1 =21 = L) = LA = L)]*ISW, — pl|

From Jungck-Noor iterative (1.5), we obtain that
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ISWni1 = pll = (1 — an)Swn + anTu, —pl|
< (A =a)lSwy = pll + Lay[ISu, — pli
(1 —alisw = pll + Lan, (1 = B)ISwy — pll + L2anBylISvn — pli
= (1= a)lISwn = pll + Lay (1 = B)lISWn = pll + L2 anfull (1 = v)Swy + ¥ Twy — pl
<[1-2(1-1L)—-LA2(1 —L) — L?23]||Sw,, — pl|

IN

S[1—-2(1—=L) —LA*(1 — L) = L222(1 = L)]™ISw, — pll

JNO, = [1 = A(1 = L) = LA*(1 = L) = L>2*(1 = L)]™|ISw, — pl
From Jungck-modified SP-iteration we have

JMS, = [L(1 = A1 = L))I*"[ISxo — Pl
Now since:

— - 2n -
IMSn _ _ [LA-AQ-DIPISxo=pll oo 0, o
JKAn  [L(1-A(1-1)~LA3A-L)]MISWo—pll

— — 2n —
IMSn _ _ [K(1-2(1-D)] Isxo=pll oo o, o
JNOp  [1-2(1-L)-LA%2(1-L)-L2A3(1-L)]™|ISwo -l

Hence {Sx, } converges to pfaster than {SW,} and {Sw,}.m

The next theorem prove that Jungck-modified SP-iterative (1.10) convergence faster than Jungck-CR (1.7}) and

Jungck-SP (1.9)top e F .

3.3 Theorem: Let C be a nonempty closed convex subset of a normed space X,S.T: C — C be self mappings

satisfied Jungck-contraction mappings,assume that T(C) € S(C) .If there existA; 0 < A < B,.a,

n € N, then the Jungck-Modified SP-iteration (1.10) converges faster than Jungck-CR (1.7) and SP-

iteration(1.6)to p € F.
Proof: Letp € F from JCR (1.7) iterative, we obtain that

[SPnsq — pll = (1 — @) Sy, + @, Ty, — pl|
< (1 - a)lISt, — pll + a, LlISa, — pl|
< (1-a,(1 - D)IISA, —pl
= L(ay(1 = L) [L(1 = B)IS®, — pll + +LB(I(1 = ¥)SWy, + ¥ Ty, — PII]
< L(1 = an(1 = L))(1 = LBpya(1 = L)) lIS®y, — pl|
< L(1 =201 = L)(1 = 22(1 = L) |ISw,, — pll

< [L(A -2 -1L)@A =221 = L)]MISw, — pll
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Let,
JCRy = [L(1 —2(1 — L))(A — 22(1 = L)]"ISW, — pl|
From Jungck-SP-iteration (1.9), we obtain that

[1SGn+1 — pll = ||(1 - an)SBn + anTEn - p||
<(1-a,(1-1))|Sb, — ||
=1 —an(1-L) [(1 = BINSE, —pll + +LBnlIScn, — plI
S (1-ay(1-1L) (1= B(1 = L))IISé, —pll
< Q-ay(1-1) (1= B(1 = D)(1 = yo(1 = D))IISE, — pll
< (1 -2 -1D)’lsa, —pll

< [@ -2 - DP"ISa, - pll
Put,
JSPy = [(1 = A1 = L)IP"ISd, — pl
Finally, we get from Jungck-modified SP-iteration
JMS, = [L(1 = A(1 = L)I*"[ISxo — Pl
Now since:

- - 2n —
IMSy _ [LA=AA=D)FISxopll o ), o
JsPn [(1-A(1-L)P™ISdo—pll

2n
IMSn _ [kQ-AQ-) WSxo—pll oo o o
JCRn  [L(-A(1-L)(A-22(1-L)]™ISPo-pl

Hence{Sx, } converges to p faster than {Sw,} and {Sd,}. =

3.4 Theorem: Let Cbe a nonempty closed convex subset of a normed space X, S.T:C — C be self mappings
satisfied Jungck-contraction mappings,assume that T(C) < S(C) .If there exist 4; 0 <A < B,.a, < 1 for all

n € N, then the Jungck-Picard-S (1.9) converge faster than Jungck-modifiedSP-iteration (1.10)top € F.

Proof: Letp € F, for Jungck modified SP-iteration (1.10), we obtain

IS%nss = Il = T =Pl
< LISy, — pll
= L[(A = ayITX, = pll + ax[ITZ, = plI]
< [ — anliT2y = pll + anllSZ, — pll]
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= I*[(1 — aplIS%, — pll + anll(1 = Bn) SZp + BuTZn —pll]

< IP[(1 = any 1152, = pll + an(1 = BIISZ, = pll + LayBllSZ, — plI]
= L[((1 = @) + an(1 = By) + LayBy) ISR, — plI]

L2(1- 22(1 = L)IISz, — pll

IA

IA

[L2(1 = 2*(1 = L)]™IIS%, — Pl
Put,

JPSy:= [L2(1— 22(1 = L)]I"IS%, — pl|
Thus we get fromJungck-modified SP-iteration

JMS, = [L(1= A(1 = L)I*"ISxo — pl
Now since:

JPSn _ [12(1- 2% A-)]" ||SZo—pll
JMS,  [L(1- A(1-L))]2™ [|Sxo—pll

as n —> ©

Hence {Sx, }converges to p faster than{Sx,,}.m

References

[1]. Jungck, G. , Commuting mappings and fixed points, ‘‘TheAmericanMathematical Monthly’’, vol. 83,
no.4, pp. 261-263(1976).

[2]. Pfeffer, W.F., ore on involutionso f a circle, ““this MONTHLY"’, 81,pp. 613-616 (1974).

[3]. Chugh,R., Kumar,V., Strong Convergence and Stability results for Jungck-SP iterative scheme,
““International Journal of Computer Applications’, Vol 36— No.12, pp. (0975 — 8887)December ( 2011).

[4]. Jungck, G., Common fixed points for non-continuous non-self maps on non-metric spaces, ‘‘Far East
J. Math. Sci’’. 4:2, pp.199-215 (1996) .

[5]. Jungck, G.,Hussain, N., and M. A. Khamsi, Nonexpansive  retracts and weak compatible pairs in

metric spaces,” Fixed Point Theory and Applications, vol. 2012, article 100, (2012).

[6]. Jungck, G and Hussain, N., compatible maps and invariant approximations, ‘‘Journal of Mathematical
Analysis and Applications’” , vol. 325, no. 2, pp. 1003-1012, (2007).
[7]. Jungck, G., Rhoades, B .E., Fixed point for set valued functions without continuity, “‘Indian J.Pure

Appl. Math.””  pp227-238, 29(3)(1998).
[8]. Singh, S. L. ,Bhatnagar, C. and Mishra, S. N.: Stability of Jungck-type iterative procedures,
““International Journal of Mathematics and Mathematical Sciences’’, no. 19, pp. 3035-3043 (2005).

[9]. Olatinwo, M. O.: Some stability and strong convergence results for the Jungck-Ishikawa iteration

276



International Journal of Sciences: Basic and Applied Research (IJSBAR)(2015) Volume 24, No 7, pp 266-277

process, ‘‘Creative Mathematics and Informatics’’, vol. 17, pp. 33-42(2008).

[10].  Olatinwo, M. O., A generalization of some convergence results using the Jungck-Noor three-step
iteration process in an arbitrary Banach space, ‘‘Fasciculi Mathematici’’, no. 40, pp. 37-43(2008).

[11].  Aggarwal, M., Chugh, R., and Kumar,S., Stability and Convergence of Jungck Modified S-iterative
Procedures, “‘International Journal of Engineering and Innovative *’,Volume 3, Issue 1 ,pp.223-231 July
(2013).

[12].  Agarwal, R.P, ORegan, D. and D.R. Sahu, Fixed Point Theory for Lipschitzian-type Mappings with
Applications, Springer, New York2009.

277



