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Abstract

The non-negative PO-matrix completion is considered for 5x5 matrices specifying digraphs with p=5 and
g=4.The research determines which of the digraphs with p=5 and g=4 and specifying 5x5 partial matrices have
non-negative PO-completion. Considering the 5x5 matrices with q=4, all the sixty one (61) non-isomorphic
digraphs shall be constructed. All the partial non-negative PO-matrices will be extracted from each digraph. To
establish if the pattern has non-negative PO-completion or not, zero completion will be performed on each of the
partial matrix extracted. The study establishes that all acyclic digraphs of an 5x5 matrix with g=4 have non-
negative PO-completion. The matrix completion problem is to find the values of an n x m matrix M, given a
sparse and incomplete set of observations. Possible areas of applications include Seismic data reconstruction to
recover missing traces when data is sparse and incomplete ,say due to malfunctioned measuring instruments,
biased or corrupted traces, ground barriers, or due to financial limitation to access complete data. Others include
incomplete market surveys (eg movie ratings to complete missing data so as to recommend appropriately to
viewers), weather forecasting from historical data recordings as well as future predictions from computer
simulations, reconstruction of images in computer; and finding the positions of sensors in Global Positioning

from distances available in a local network.

Keywords: graph; subgraph; directed graph; cyclic digraph; acyclic digraph; complete digraph; path; cycle; zero

completion; isomorphic; partial matrix; sub-matrix; principal minor; Po -matrix; non-negative Po -matrix.
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1. Introduction

All 3x3 matrices have non-negative Po completion Hogben [1]. A pattern for 4x4 matrices that includes all
diagonal positions has non-negative Po completion if and only if its digraph is complete when it has a 4-cycle
Choi and his colleagues [2]. They also showed that any positionally symmetric pattern that includes all diagonal
positions and whose graph is an n-cycle has non-negative Po completion if and only if n # 4. All digraphs for

P =5, 0= 3 specifying 5x5 partial matrices which are either cycles or acyclic have non-negative Po

completion Munyiri and his colleagues [3]. It is possible to work out the number of digraphs (with N points and
g lines). Harary and his colleagues [4], developed a technique for working out the number of digraphs (with n

points and q lines) and established the following results.

Table 1

No. of |0 |1 2 3 4 5 6 7 8 9 10 Greater or
edges(q) equal to 11

No. of |1 |1 5 16 |61 | 154 | 379 | 707 | 1155 | 1490 | 1670 | 3969
digraphs

Therefore, there are sixty one (61) non-isomorphic digraphs with 5 points and 4 arcs. Out of this, 5 are cyclic

while 56 are acyclic. All the 5 cyclic non-isomorphic digraphs of 5x5 matrices with P = 5, ( = 4 are

discussed. All the digraphs are assumed to include all diagonal positions. Each digraph shall be considered as a

separate case.

2. Mathematical Analysis

Consider the digraph shown below.

Figure 1
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To obtain a partial matrix from the digraph an arrow pointing from one vertex to another, say 1 to 2 represents a
specified entry (a;;), while for an unspecified entry there is no arrow pointing from one vertex to the other and

is denoted by x;;. Therefore the partial matrix representing the above digraph is as below:

dll a12 X13 X14 X15
X21 d 22 a'23 X24 X25
a3l X32 d 33 X34 X35
X4l X42 X43 d 44 X45

L X51 X52 X53 a54 d55 i

The other digraphs and their corresponding partial non-negative P, - matrices can be constructed and extracted,

respectively, in a similar manner.

By definition of partial non-negative P, - matrix, dll 2 01d22 2 Oad33 2 0,d44 2 O,d55 >0 Next, we

compute the principal minors.

DetB(,2)=d,,d,, —a,X,, . setting the unspecified entry to zero, ie. X, =0, then
DetB(L2) =d,d,, >0. Similarly, det B(L,3), det B(L4) , Det B(L5), Det B(2,3), Det B(2,4) ,
DetB(2,5), Det B(3,5), Det B(4,5) > 0.

Substitute zero for the unknown entries; these are

Xig = Xig = X5 = Xog = Xoq = Xo5 = Xgp = Xgy = Xg5 = Xy = X = Xg3 = X5 = X1 = X = X53 =,
we get DetB(1,2,3) =d,d,,d,; > 0 similarly,

Det B(1,2,4), Det B(1, 2,5), Det B(1,3,4), Det B(1, 3,5), Det B(1, 4,5), Det B(2, 3,4), Det B(2,3,5), Det B(2,4,5), Det B(3,4,5) >0
Det B(L 2,3, 4) = d11 [d22d33d44 T XoXgp Xyg + 85X Xy — X24d33X42 - d22X34X43 — 853Xy, d44]

—ap [X21d33d44 T X481 Xg3 + 3 Xy Xgy — X24d33X41 ~ X1 X34 Xy3 a23X31d44]

X3 [X21X32d44 T Xp4851 Xy + d22X34X41 T XopXgp Xy — X1 X34 Xy — d22a31d44]

—Xy [X21X32X43 T 8y3X3 Xy + d22d33X41 — Ay Xgp Xy — X21d33X42 o d22831X43

Substitute zero for the unknown entries; these are
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Xig =Xy =X = Xyg = Xy = Xog = Xgp =Xy = Xgs = Xy = Xpp = X3 = Xps = X5, = Xg5 :X53:0’
We get Det B(]., 21 31 4) = d11d22d33d44 2 O . Similarly,
Det B(1,2,3,5), Det B(L, 2, 4,5), Det B(L, 3, 4,5), Det B(2, 3, 4,5) > 0.

Det B(l, 2,3,4, 5) = d11 (dzz [d33d44d55 F X35 X43854 T Xgs Xy5Xs55 — X35d44X53 - d33X45a54 - X34X43d55]
—ay [X32d44d55 F X35 X4p854 T X3 Xy X5, — X35d44X52 — X5 X585, — X34X42d55]
+Xo4 [X32X43d55 * X35 Xgp Xs5 + d33X45 X5y = X35 Xa3X5p — X35 X45X55 _d33X42d55]

—X55 [st X43854 T Xgs X 4o X5 + d33d44 X5y = X3a Xg3X5p — X32d44 Xsg — d33 X 42854 ])

—a;, ( 21 d33d44d55 + X35 X385 1 X5y Xy5Xs55 — 35d44X53 - d33x45as4 - X34X43d55]
Ay [as d44d55 + Xg5X41854 + X3y Xys X5y — X35d44X51 — X3 X455 — X34X41d55]
+X54 [Q51 X43d55 * X35 X4y X553 + d33X45X51 KasXy3 X5y — g X5 X55 — d33X41d55]

—Xy5| A [ Xy + X3y Xg1 X553 + d33d44X51 R a31d44X53 - d33X41as4 ])

+X5 (X21 [X32d44d55 F X35 %4185 + X34 X5 X5, — X35d44X52 — Xy Xy5854 — Xy X4zd55]
_dzz [a31d44d55 F X35 %4185 + X5y X5 Xeq — X35d44X51 — X51 Xy, — X34X41d55]
+X54 [a3lx4ld55 * X5 Xg1 X5y + Xgo XysX51 — Xg5X4p X57 — 831 X5 X5, — X32X41d55]

X5 [X31X42a54 + Xgq Xy Xsp + Xap 0y Xy = Xy X1 Xeg — 8y Xep — X X185, ])

Xy (X21 [st X43d55 T X5 Xgo X553 + d33 X45Xsp ~ Xa5X53X5p — XgpXy5Xs3 — d33X42d55]
_dzz [a31X43d55 T X35 X41 %53 + d33X45X51 ~ Xy5Xg3Xsy — 831 Xy5 Xs3 _d33X41d55]
T8 [a31x42d55 T Xa5Xg1 X5y + X2 Xg5X51 — XasXgp X5y — X1 X5 X5y — X41X32d55]
X5 |:X31X42 Xs3 + d33X41X52 + XgpXy3Xsy — d33X42X51 831 Xy3 X5y — Xgp Xgy X5 ])
X5 ( 21 st XyaXsy T X34 Xgp X5z + d33d44xsz X34X43Xs5p — X32d44X53 _d33X4z X54]
dzz [X31X43X54 T X34 Xq1 X3 + d33d44xs1 X34 Xga X5y — X31d44X53 - d33X41X54]
+Xo3 [ 31 %42 X5 T Xgg Xg1 X5y + X32d44X51 X3aXgp X5y — X31d44 X5, —Xgp X41X54]
[

X24 X31X42X53 + d33X41X52 + X32 X43X51 d33x42 X51 X X43X52 - X32 X41X53 ])

Substitute zero for the unknown entries; these are
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X13:X14:X15:X21:X24:X25:X32:X34:X35:X41:X42:X43:X45:X51:X52:X53:0’

to obtain Det B(l’ 2’ 3’ 4’ 5) = d11d22d33d44d55 + a12a23a31d44d55 >0

since all specified entries are non-negative and therefore the digraph has non-negative Po -completion.

A similar process is carried out for all the other three digraphs which are 3-cycles. These are as follows:

2 2
. 3
lw 1§U 3 1 3
5® \’ 3
3 4 o a4
Figure 2

Now consider the digraph represented below which has a 4-cycle:

Figure 3

The partial non-negative P, -matrix B , arising from the digraph is then extracted from the digraph as below.

d, a, X3 X, Xg
X Oy 8y Xy X
B=| Xy X Oy 8y Xy
Ay Xy Xy Oy 8y
[ Xs1 Xsp  Xg3 Xgy dss i

Now we show that B does not have non-negative P, -completion by a counter example as shown below
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[X21X32d44 t Xy Xq Xy + d22 XaaXg1 = KogXgp Xgg = X5y Xgu Xgp — d22X31d44]

0 1 X3 X4 Xs
Xa 0 1 Xu X%
Xp 0 1 X5

1 X X3 0 s
X3 X5 X530 X540

DetB(1,2) =d,,d,, — X, Xy, =0—X,; ==X,; 20 which implies that X,; =0
Det B(1,3) = d,d;; — Xi3%5) = 0= X;3Xy; = X;5%5; 2 0 which implies that X;3Xy; =0
Similarly, X4 = X3, = X;3 = 0and X,,X,;, = 0. Therefore,

Det B(]-’ 2,3 4) = d11[d22d33d44 = KogXapXag F XpaXayXyp — X24d33X42 - d22X34X43 - X23X32d44]
_X12[X21d33d44 + XouXar Xy T XoaXag Xy = XpgXagKyg = XonXagXy3 — X23X31X44]
+X13[X21X32d44 + XXy Xy T d22X34X41 ~ KoaKapKyy = XonKagKyp = d22X31d44]
_X14[X21X32 iz T XpaKar Xpp + d22d33x41 ~ XaXapXyy ~ X21d33X42 - d22X31d43]

0-1-0-0=-1<0

This implies that B is not a non-negative P, -matrix. Hence there is no non-negative P, -completion for the
digraph.
3. Results

The results show that all partial matrices for digraphs of 5x Smatrices with p=5, q=4 that are 3-cycles have non-

negative PO-completion and the 4-cycle digraph does not have non-negative PO-completion.

4, Conclusion

A similar procedure was carried out on all the other remaining 3-cycle digraphs and it was found that they have
non-negative P, -completion. It was therefore established that all 3-cyclic digraphs of a 5x5 matrix with q=4
have non-negative PO-completion. However, any digraph for an n x n matrix which has the 4-cycle considered

above does not have non-negative P, -completion.

5. Recommendation

Future research can be carried out to determine appropriate applications for non-negative PO- matrix completion.
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6. Validation

When g=4 and n=5 the results agrees with those of Munyiri and his colleagues [3] where g=3 and n=5. The
results obtained in these research can be applied in filling partially filled data in market surveys to predict
markets trends.
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