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Abstract

In our work we considered nonlinear ordinary differential equations to study the dynamics of hepatitis B virus
(HBV) epidemics in Ethiopia. We proved that the invariant and bounded ness of the solution of the dynamical
system. We used a nonlinear stability analysis method for proving the local and global stability of the existing
equilibrium points. We have got that the diseases free equilibrium point and endemic equilibrium point exist for
some conditions. We proved that the disease free equilibrium point is locally asymptotically stable and also

globally asymptotically stable. We found that the effective reproduction number for the system is Rqg =

{¢+H—p[(1—e)w+H]}[ 081 AB2 Omaps L8B3
(0+A+H)(Y+H) (ax+H) (8+H) (a+H)(n+y+H) (8+H)(n+y+H)

1 [ 081 AB2 Omaps AwdB3
(0+A+H) “(a+H) (8+H) (a+H)(n+y+H) (8+H)(n+y+H)

] which depends on fifteen parameters. On the

other hand, the basic reproduction number is R, = ]. Using

standard parameter estimation we found that the numerical value of the effective reproduction number is R =
3.37335245 and Ry, = 21.26273123. From this numerical value we conclude that the disease spreads in the

community and vaccination intervention strategy reduces the spread.

* Corresponding author.
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Out of these fifteen parameters we identified five parameters which contribute significant role in control of the
disease; and these are the rate of moving from exposed to acutely infected class with age below or equal to 5
years 6, the rate of moving from exposed to acutely infected class with age above 5 years A, the proportion of
leaving acutely infected class with age below or equal to 5 years and progressing to chronically infected class
m,the proportions of vaccinated newborns p and the ratio of vaccinated newborn to total population H; which
influence the effective reproduction number. We also conduct numerical simulations which support the finding
in the sensitivity analysis.

Key words: Age structure dynamical system; Hepatitis B virus; Vaccination intervention; Basic reproduction

number; Effective reproduction number; Stability Analysis and Numerical simulation.
1. Introduction

The liver is the largest internal organ. It is reddish-brown, weighs approximately 1.5-3 kg and accounts for
approximately 2.5% of adult body weight !, The surface of the liver is smooth and dome shaped, where it is
related to the concavity of the inferior surface of the diaphragm. The liver lies mainly in the right upper quadrant
of the abdomen where it is hidden and protected by the thoracic cage and diaphragm. The liver has the unique
ability to regenerate its own tissue, as much as three-quarters of the liver can be lost, and the organ can grow
back or expand to its original size within several weeks. This allows people who need transplants to receive part
of a living or deceased donor's liver.
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Figure 1: Human Liver (Collected from standard websites which shows Human Liver Stock Photos and Images)

The liver is the largest solid organ, the largest gland and one of the most vital organs that functions as a center
for metabolism of nutrients and excretion of waste metabolites [30]. Its primary functions are acting as a
gatekeeper between the digestive system and the circulatory system, Processing toxic substances before they
enter general circulation, Storing and converting nutrients for future use, Synthesizing most plasma proteins and
Secreting bile into small intestine to break down fats [4]. A total loss of liver function could leads to death within
minutes, demonstrating the liver‘s great importance [31]. Hepatitis has been known since ancient times. The
Greek philosopher Hippocrates characterized its signs; including jaundice (also known as icterus, is a yellowish
or greenish pigmentation of the skin and whites of the eyes due to high bilirubin levels). It was recognized as a

disease affecting the liver, causing the skin and eye to turn yellow. By the eighth century some cases were found
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to be infectious [40]. The WHO has reported that more than 2 billion people worldwide have been infected by
HBV. There are over 350 million people who are chronically infected with HBV [41]. 25-40% of these chronic
infection carriers will die from liver cirrhosis or primary hepatocellular carcinoma (HCC) [23]. Hepatitis B can
cause a short-term illness (acute) or a lifelong (chronic) infection. Chronic infection may go on to cause life-
threatening cirrhosis (scaring of the liver), liver failure, or liver cancer. After acute HBV infection, the risk of
developing chronic infection varies with age. Infants infected at birth have about a 90% chance of chronic
illness, compared to 1-10% for older children and adults.

Chronic

Hepatocellular
hepatitis b

carcinoma
(with cirrhosis)

Figure 2: Progress of hepatitis B infection (Collected from standard websites which shows Human Liver Stock

Photos and Images).

HBYV, which can be transmitted through parenteral, perinatal, or sexual contact, is a serious infectious disease of
the liver. Parenteral and sexual transmission predominates in industrialized countries, whereas horizontal and
perinatal transmission predominates in developing countries. HBV infection during pregnancy is associated with
a high risk of maternal complications, high rate of vertical transmission causing fetal and neonatal hepatitis, and
higher maternal mortality [34]. In the presence of an acute maternal HBV infection, up to 90% of newborn
infants and 30% of children under the age of 5 years develop chronic HBV infection, compared with only 1-5%
of adults with an intact immune system [18]. Although data on the prevalence of HBV in pregnant women in
Ethiopia are limited, a study done in Northwest Ethiopia reported intermediate endemicity (5.3%) of HBV
among pregnant women. According to the recent studies conducted in different geographical locations in
Ethiopia, the prevalence of HBV ranges from 4.7% to 9.5% [16]. Since 1982 a vaccine against HBV infection
has been available [1]. Today the group that vaccination focuses on is the one with highest risk of developing
chronic infection; children less than 6 years old [46]. According to Trepo and his colleagues [10], 40% of men
and 15% of women with HBV infection acquired at birth die of liver cirrhosis or hepatocellular carcinoma. The
optimal vaccination strategy is for newborns to receive the first dose within the first 24hr after birth and two
boosters during their childhood. In 95% of the cases, the children will be protected from infection for at least 20
years, and they may be immune for life [46]. As a consequence, the number of liver cancer cases has diminished
[6]. To reduce the number of HBV infections even more, it is recommended to vaccinate other high risk groups
such as patients who require transplantations or dialysis, health-care workers, travelers before visiting an
endemic area, people in prisons, or people with multiple sexual partners [46]. Ethiopian national hepatitis study

showed that 10.8% of young males from all regions of the country were positive for HBsAg [21]. A community
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based sero-epidemiological survey of Addis Ababa, Ethiopia has shown a 7% seroprevalence for HBsAg, higher
in males than females [2]. Another study done in Ethiopia has shown an overall HBsAg prevalence of 6.2% and
infection occurring early in life and continuing to increase gradually without leveling off [39]. Published
information's on the sero-epidemiological of HBV infection among pregnant women are sparse and these reports
were mainly from Addis Ababa (5%) and Jimma (3.7%, range 1.4-6.4%) [7,36]. HBsAg carrier pregnant mother
transmit infection to neonates usually during birth or soon after birth following close contact. Neonates who
contract HBV will have an almost 85-90% risk of developing chronic HBsAg carriage and chronic liver disease
[24]. In Ethiopia, an old clinical study showed that liver disease accounted for 12% hospital admissions and
31% hospital mortality [37]. Moreover, in Ethiopia and neighboring Kenya more than 60% of chronic liver
disease and up to 80% of hepatocellular carcinoma (HCC) are due to chronic HBV and HCV infections [8, 37].
Cross-sectional community studies of serological markers of HBV infection have an important role in
identifying population endemicity, possible routes of transmission and associated risk factors [9, 15, 29, 33,35].
Such data help in the development of appropriate control measures, for example, estimating the optimal age for
vaccine delivery, the level of vaccine coverage required for elimination, and possible high-risk target groups [5,
12]. They support predictive mathematical models by which to explore the merits of different control options
[12, 43], to assess cost-effectiveness of intervention programs [42], and to predict the risk of evolution of escape
mutants [44]. In Ethiopia, HCC is the eighth most common cancer with 100% fatality rate among males [45].
Most of the HCC cases in low income countries like Ethiopia die within few months (<2.5 months) following
diagnosis. This might be due to lack of facility for cancer screening, lack of skill to differentially diagnose HCC
from other diseases and late arrival of cases in seeking medical care [19, 45]. Mathematical analysis of the HBV
dynamics not only provide important quantitative insights into the pathogenesis, but also lead to design treatment
strategies which would more effectively bring the infection under control [34]. One of the primary reasons for
studying hepatitis B virus (HBV) infection is to improve control and finally to put down the infection from the
population. Mathematical models can help us to gain insights into the disease transmission, assess the
effectiveness of various preventive strategies, and then control of it eventually. More advanced population
models add some structure to the population such as specification of spatial location or age. Age is one of the
most important characteristics in the modeling of populations and infectious diseases. Individuals with different
ages may have different reproduction and survival capacities. Diseases may have different infection rates and
mortality rates for different age groups [25]. The purpose of this paper is to develop a mathematical model to
study the transmission dynamics and control of HBV in Ethiopia based on age group, taking accounts the
character of the virus infection in the country. After analyzing the existence and stability of the disease-free and
disease- endemic equilibria of the model, we shall use the model to simulate the HBV data reported by the
Ministry of Health of Ethiopia. By carrying out sensitivity analysis of the basic reproduction number on various
parameters, we shall suggest some optimal strategies for control of HBV infection in Ethiopia. One of the
primary reasons for studying hepatitis B virus (HBV) infection is to improve control and finally to put down the
infection from the population. Mathematical models can help us to gain insights into the disease transmission,

assess the effectiveness of various preventive strategies, and then control of it eventually.

2. The Initial model

A treatment model in a constant population where birth rate equal death rate is considered in a mixing
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homogeneous population: The total population is categorized into four compartments namely susceptible S (t),
infective, I(t), treated class, T(t), and removed class, R (t). Here, there is an influx of newly recruited to the
susceptible class at a rate of . Infection invades the susceptible class at a rate of . It is assumed that only a
fraction of the population seeks medical attention, and hence represents the treated class. Treatment here is
defined as the process of offering the Hepatitis of type B infected person with a life prolonging medicine known
as antiretroviral (ARV) drug or treatment (ART). Recruitment into the treated class occurs at a rate of A. Again,
infected individuals are recruited into the removed class at a rate of y, while treated individuals also move to the

removed class at a rate of §. At the same time, natural death occurs at the different compartments.

¥l

4+ L0
-
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Figure 3: Schematics of the susceptible —Infected-Treated-Removed (SITR) model

The dynamics of the model is:

%=,uN—uS—% 1)
L= -y -u )
=l —uT — 6T )
4 — I+ 6T — uR @

dac
3. The extended model
3.1 Basic assumptions of the model

Let S(t) is susceptible individuals, V(t) is Vaccinated class, E(t)is infected but not yet infectious individuals
(exposed), A4, (t) is acutely infected class with age below or equal to 5 years, A, (t) is acutely infected class with
age above 5 years, C is chronically infected class and R is the recovered class. The following are basic
assumptions of the SVEA;A,CR HBV model. The populations under this study are homogenously mixing
(every person has the same chance to be coming in contact with an infected person), the disease spreads in a
closed environment; that is there is no emigration or immigration, age, sex, social status, and race do not affect
the probability of being infected, the population is divided in to seven non-intersecting compartments, the

efficacy of the vaccines wanes out at the rate 1, vaccination against HBV leads to permanent immunity, patients
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with either acute or chronic infections are capable of transmitting the disease, and chronically infected

individuals are immunized by treatment or transplantation of liver; or died by the diseases.

3.2 Model Descriptions

We use a mathematical model analysis to study the transmission of hepatitis B virus in Ethiopia. The total
population is divided into seven non intersecting classes. The following table shows Compartments, Parameters

and their description of the extended model:

Table 1: Compartments, Parameters and their description of the model

NO | Compartments Parameters Descriptions

1 S(t) Susceptible individuals

2 V() Vaccinated class

3 E(t) Exposed group

4 A (t) Acutely infected class with age below or equal to 5 years

5 A, (1) Acutely infected class with age above 5 years

6 C(t) Chronically infected class

7 R(t) Immunized group (recovered class)

8 N(t) Total population

9 p Proportions of vaccinated newborns

10 o] Recruitment of the population

11 B Transmission coefficients of acutely infectious individuals A,

12 B, Transmission coefficients of acutely infectious individuals A,

13 Bs Transmission coefficients of chronically infectious individuals C

14 Y Rate of waning vaccine induced immunity

15 € The proportion of individuals which loose the efficacy of vaccine.

16 6 Rate of moving from exposed to acutely infected class with age below or
equal to 5 years

17 A Rate of moving from exposed to acutely infected class with age above 5 years

18 a Rate of moving from acutely infected class with age below or equal to 5 years
to chronically infected class.

19 T The proportion of leaving acutely infected class with age below or equal to 5
years and progressing to chronically infected class.

20 1) Rate of moving from acutely infected class with age above 5 years to
chronically infected class.

21 1) The proportion of leaving acutely infected class with age above 5 years and
progressing to chronically infected class.

22 Recovery rate

23 n Chronic HBV related mortality rate

24 Natural mortality rate

111




International Journal of Sciences: Basic and Applied Research (1JSBAR) (2020) Volume 50, No 1, pp 106-136

3.3 The flow chart of the model
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Figure 4: Flowchart of HBV transmission in population
3.4 The dynamics of the model
LetS=S(t),V=V(t),E =E(t), Ay = A,(t),A;, = A,(t),C = C(t)and R = R(t). Then

R e

v _
o =P - W +wv

dE=w+w+M_(9+A+M)E

at N N N
da

d—t1= OF — (a + w4,
2 — AE — (8 + WA,
at

dc

E=naA1+a)6A2—(n+y+u)C

=1 - YV + (1 - m)ad; + (1 - )64, +yC — R

Here, the total population is compartmentalized in to seven none intersecting classes. That is,

N =S +V(E®)+E@)+A,(t) +A,(t) +C(t) + R(t)
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3.5 Positivity of Solutions

For the human population of model [1-7] to be epidemiologically meaningful, all solution of the model with
positive initial value must remain positive for all time t > 0. Therefore, we have to discuss under which the
model we are studied has non-negative solutions. The derivative of a function at a point is one property that
shows the behavior of that function. It is known that if the derivative at a point is positive, then the function is

increasing there; if it is negative, the function is decreasing and if it is zero, the function is constant.
THEOREM 1:
Let the initial data for the model be S(0) > 0,V (0) > 0,E(0) > 0,4,(0) > 0,4,(0) > 0,

C(0) > 0 and R(0) > 0. Then, the solutions S(t),V(t), E(t), A, (t),A, (t),C(t) and R(t) of the model will

be remaining positive for all timet > 0.

Proof:

Let S(0) > 0,V (0) > 0,E(0) > 0,4,(0) > 0,4,(0) > 0 and R(0) > 0.
Also, we assume that all parameters are positive.

By considering the seven ordinary differential equations and after taking steps on finding their solution, we do

have:

)} From equation [1] we have:

% =1-p)P+eyV — % —BafaS _BS g \whose solution is:

[((1-p)P+eyV] —(BIA1+BZA2+&+u)t [(1-p)®+eyV]
S(t) =—F—F—7——FF+—+ke N N N > 0. Because, ————>0,k>0
( ) (1?11\;41_'_!?21\;42_'_!?;5_'_#) (311\;41+B21\;42+B;C+#)

_(B141  B242 B3C
and e~ (5 +N+“)t>0forallt.

i) From equation [2], we have:

‘;_‘Z = p® — ( + )V, whose solution is:

—_r® ~(@+wt pe
V(t) W + ke > 0. Because Wi

>0,k >0ande” @ttt > 0,
iii) From equation [3], we have;

dE _ B14sS + B242S + BsCS

= - ~ i (6 + A+ w)E , whose solution is:
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B141S  f2A2S | B3CS B141S  f2ArS  B3CS
E(t) =L~ N "N 4 gp-@+A+w) 5 0 Because—L— N " N5 0 k> 0and e- @+t > g,
(CRYETD)] (64+2+1)

iv) From equation [4], we have the following:
% = 0E — (a + p)A, , whose solution is; A, (t) = e~@t > 0 Since —— ( 5k >0 and e~ (@it
V) From equation [5], we have ;
dA, Lo
- = AE — (6 + w)A,, whose solution is:
=2 —@+pt _Ae —(+wt
A, (t) (8+”)+ke > 0. Becausew >0,k>0ande > 0.
Vi) From equation [6] we have:
ac

dt

— =nad; + w64, — (n +y + w)C, whose solution is:

C(t) = T2t 4 go-Grtv+wt 5 0, Because 2242242 5 0k > 0 and e~ @+Y+10t > 0,

vii)

m+y+u) m+y+u)

From equation [7], we have:

Z—f =[1-eyYV+ 1A -mad, + (1 —w)dA, +yC — uR, whose solution is:

R(t) =

Since

[(1=e)yYV+(1-m)ad1+(1-w)SA,+yC]
u

+ ke ™ > 0.

[(1—e)YV+(1-m)ads +(1-w)5Az +YC]
u

>0,k >0and e ™ > 0.

3.6 Invariant Region

THEOREM 2:

The feasible region Q of the model [1]-[7] is defined as:

Q

(1-p)o @
< <—— 2 0< <—0< <
0<S() < O0<V() < (1P+u)'0 <EQ@®) <

0<4 (t)<—O<C(t)_

={(S(),V(®),E(®), A1 (1), A;(t), C(£), R(¢))eR". U (0,0,0,0,0,0,0):

B1A1S_ B242S
[

0 <4, <—,

(B1A1+ﬁ2A2+ﬁ3C+u) (CEYED) a+y’

N

TaAq
(m+y+w)’

o< <E
0<R® <L
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If (s(0),v(0),e(0),i,(0),i,(0),c(0), r(0)) € Q, then the solution of (s(t), v(t),e(t), iy (t), i, (1), c(t),r(t)) €

Q , for all time t. That is, as time goes on, the given dynamical system is bounded in the regionQ.
Proof:-

We assume that all state variables S(t), V(t), E(t), A, (t), A,(t), C(t), R(t) and parameters are positive. Also, let
$(0)=0,V(0)=0,E(0) =0,4,(0) =0,4,(0) =0,€(0) =0, R(0) = 0.

i) From equation [1], we have:

ﬁ1A15 B242S  B3CS

—=1-p)P+epV ——-— T8 " uS, and after some simplifications we have:
1-p)® (1-p)® —(BadatPrdztBsC, ),

S(t) < (/31A1+/313A2+B3C+#) + [S(O) - (51A1+B§A2+/}36+#) ( N )

: ; (1-p)® (1-p)® _(B1A1+B2A2+B5C, .
ThUS, llme sup S(t) < llmt_)oo Sup{m + [S(O) - m ( N +;t) }

N N
< % ,and S(t) is bounded.
(FArietiatiy)

i) From equation [2], we have:
d—V = pd — (Y + )V, and after some simplifications we have; V(t) < (w+ 5 +[V(0) — Wi )]e‘W’“‘)

Therefore, lim;_,, sup V(t) <lim;_,{——

- UATD ) (P i
+[V(0) le }< D and V (t) is bounded.

(1P+ ) W+u)

iii) From equation [3], we have:

d—f = % + % T (6 + A+ WE , and after some simplifications we have:

M_,_M] . .

[ _ [B1iss+Baias+B3cs])  —(9+A+p)t

E@® =< (B+2+p) + {E(O) (6+2+p) }e
[31A15+32A25

Hence, lim,_,., sup E(t) <lim,_, sup{ {E 0) — M} e~ O++ty <

(0+2+w) (0+2+1)

31A15 ﬁzAzs]

(9+A+ ) , and E is bounded.

iv) From [4] we have:

dA . . . E E —
d—tl = 0E — (a + u)A; , and after some simplifications we have; 4,(t) < P + [4,(0) — a—ﬂt]e (atp)t
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Hence, lim,_,o, sup 4, (t) < lim,_ sup {aiﬂl + [4,(0) — aiw]e—wwf} < aET# and 4, is bounded.

V) From [5], we have:

% = AE — (6 + u)A, , and after some simplifications we have; 4,(t) < — (6+ 5

+[4x(0) = Gosle Ot

(6+u)

Hence, lim,_,, sup 4,(t) <lim,, sup {—— Je~(+mty <3 and A, is bounded.

(5+) T [42(0) - (6+#)

Vi) From [6], we have:

Z—f =nad; + w64, — (n +y + w)C , and after some simplifications we have:

nady TaAL o=ty +ut
<=1
c® — (nty+p) +1CO - (n+y+#)]

s <1 TaAy TaAy —(T)+Y+H)f TaAy
Thus, lim,_,, sup C(t) <lim,, sup {( e +[C(0) — (n+y+#)] 1< irin )and C is bounded.

vii) From [7], we have:

=A-eypV + (1 —-mad; + (1 —w)dA, +yC — uR , and after some simplifications we have:
R(®) S +[R(0) - ] e~
Therefore, lim,_,o, sup R(t) <lim,_,., sup {— + [R(0) — —] ety < and R is bounded.

Thus, all feasible solutions of the model with initial conditions in
Q={(S@®),V(©®),E(), AL (), A, (1), C(t), R(t))eR’ U (0,0,0,0,0,0,0)} do remain in Q for all t > 0. That is, the
set Q is positively invariant and attracting. Therefore, the model is mathematically and epidemiologically well

posed.
3.7 Scaling of SVEA; A, CR model

We consider the equations for the normalized quantities because it is easier to analyze our model in terms of
proportions of quantities than of actual populations. This can be done by scaling the population of each class by

the total population.
Hence, N(t) =S(t) + V(t) + E(t) + A (t) + A,(t) + C(t) + R(t)

S1=S4o+o 4242424 % Also, & = (@ — uN —nC)
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Lets=£,v=1,e =5,i1 =A—1,i2 =A—Z,c=£,r=— and 2=H
N N N N N N N

Then, the model [1-7] is transformed to:
d , .
== (1= p)H + v — (Byiy + Paiz + (B —m)c + H)s [8]
dv
= pH =+ H—nc)w [9]
%zﬁlils+ﬁ2izs+ﬁ3cs—(9+/1+H—nc)e [10]
Z—i; =6e — (a +H—no)i, [11]
22 = de — (8 +H —no)iy [12]
%=nai1 +wdi,—(m+y+H-nc)c [13]
ar— A-eyv + (1 —mai; +(1 —w)di,+yc— H-—nc)r [14]

dac
4. Analysis of the model at equilibrium points

The model [8-14] is analyzed qualitatively to get insights into its dynamical features that give better

understanding of the HBV transmission in the population.
4.1 Existence of Disease Free Equilibrium (DFE), E°

The disease free equilibrium point of the model [8]-[14] is obtained by setting:

ds dv de di di dc dr .
—=—=—=—"=—"2=—=—=0.Thatis:
dt dt dt dt dt dt dt

ds

Pri (1 —p)H + epv — (Briy + Priz + (Bs —m)c+ H)s =0

ﬂ—pH—(z,lH—H—nc)v=O

at
%=,81L'15+/)’2i25+,83cs—(9+/1+H—nc)e=0

%z@e—(a+H—nc)i1=O

‘Z—i:=le—(5+H—nc)i2=0
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%znail +wli,—-nm+y+H—-nc)c=0

% =(1-eyv + (1 —mai; +(1 —w)di, +yc— (H—nc)r=0

During the diseases free, e = i; = i, = ¢ = r = 0; and after some algebraic manipulation,
DFE point of the model is:

_ .0 :0 _ Ab+H-p[(1-€)yp+H] pH
E® = (s%v%e%i%i9,c%1r%) = — " |

o vt 0,0,0,0,0). In the case of no disease

e =i0=id= c®= r®=0,e = 1. The sum of susceptible and vaccinated populations equals to the total

=1/)+H—pH+ pH 1

H . H 0 0
population; that is, s° + v Vit ke

4.1.1 The Basic reproduction numberR, and Effective Reproduction Number R.f

The reproduction number (basic reproduction numberR, or effective reproduction number R.() is defined as the
average number of secondary infections caused by typical infected individual during his/her entire period of
infectiousness. This definition is given for the models that represent spread of infection in a population, given an
intervention and naturally acquired immunity at that time.

We calculate the effective reproduction number R, ., by using the next generation operator method on the system

as described by Van den Driessche and Watmough (2002) and obtain:

R _ 0B1{Y+H-plA-e)P+H]} | AP2{yp+H-pl(1-€)Y+H]} Onaf3{+H-p[(1-€)Y+H]} AwdB3{Y+H-p[(1-€)P+H]}
eff = (0+A+H)(Y+H)(a+H) (0+A+H)(Y+H)(6+H) (6+2+H)(Y+H)(a+H)(n+y+H) (0+A+H)(Y+H)(6+H)(n+y+H)

On the other hand, the basic reproduction number without intervention is that initially the entire population is
susceptible. That is, when there is no vaccination (yy=p = € =0), then the basic reproduction number R, of the
model system [8]-[14] is:

R _ 9[3'1 Aﬂz 01‘[(1[5'3 lw8B3
0_(9+/1+H)(u+H) (6+A+H)(6+H) (0+A+H)(a+H)(n+y+H) (0+2+H)(6+H)(n+y+H)

4.1.2 Local Stability Analysis of the Disease Free Equilibrium (DFE) point
THEOREM 3:

_ (¢+H—P[(1—6)1.0+H] _PH_
Y+H "Y+H'

asymptotically stable if the effective reproduction number R, < 1 and is unstable if R, > 1.

The disease free equilibrium point E° 0,0,0,0,0) of the model [8]-[14] is locally

Proof: Let
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The Jacobean matrix, J(E®) of model [8]-[14] with respect to (s, v, e, iy,1,, ¢, T) at the disease free equilibrium

; 0 _ +tH-plA-e)y+H] pH .
point E¥ = (—ww ’1/}+H'0'0'0'0'0) is:
J(E®) =
[_ e 0 “B1(Y+H-plA-Y+H]} —Ba{+H-plA-)P+H]} —(Bz-M{P+H-p[A-E)P+H]}
Y+H Y+H PY+H
— -npH
0 W+ H) 0 0 0 +H 0
0 0 —(0+1+H) Bi{+H-p[A-)P+H}  Bo{b+H-p[(1-€)Y+H]} Bs{w+H-p[(1-€)p+H]} 0
Y+H Y+H Y+H
0 0 0 —(a+ H) 0 0 0
0 0 A 0 —(6+H) 0 0
0 0 0 14 wd —-(n+y+H) 0
L 0 1-ey 0 1-ma (1-w)dé y —H

The corresponding characteristic equation for the eigenvalue T is:

—(H+1) ey 0 —-p —q —X 0
0 —(a+1) 0 0 0 -y 0
0 0 —(b+1) P q z 0
0 0 0 —(d+71) 0 0 0 =0
0 0 A 0 —(f+1) 0 0
0 0 0 14 wd —(g+1) 0
0 1-ey 0 1-ma (1-w)d y —(H+1)

Letting a=@®+H)>0,b=0+A+H)>0d=(a+H)>0,f=(+H) >0,

_ﬁ1{1/)+H—p[(1—E)lIJ+H]}>0 =ﬁz{¢+H—P[(1—6)lP+H]}>

=(+y+H)>0p= ) 0,
g=m+y+H)>0,p vt H q v+ H
y = BmDWHH—PIU-OUHHY | mpH ) BstyrH-plU-p )
Y+H Y+H W+H
=St=-Hort=—@+H)or t*+c;13+ ;12 + 31+ ¢, = 0.

Here, for the polynomial equationt* + ¢;73 + ¢,7%2 + c37 + ¢, = 0; all ¢;, ¢y, ¢3 and ¢, are positive. Let
by, cq,d; and g, be the first column of Routh Hurwitz Array . After some steps, we have got that all coefficients
by, cq,dy, and g, are positive and hence the dynamical system is locally asymptotically stable at disease free

equilibrium point.
4.1.3 Global Stability Analysis of the Disease Free Equilibrium (DFE) point
THEOREM 4:

If the effective reproduction number R, <1,then the disease free equilibrium point

E° = (w,%, 0,0,0,0,0) of the model [8 — 14] is globally asymptotically stable (G.A.S).
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) 0 _ 7.0 .0 .0 :0 :0 .0 .0\ _ +H-p[(1-€)+H] pH .
Proof:- Suppose R.rr <1, and E° = (s°,v° €% i, i3, c’1°) = (T,E,O,O,O,O,O) is the

disease free equilibrium point. Let the Lyapunov function W:R7 — R, is defined by:
W(s,v,e,iy, iy c1r)=A[s—s°—s%In (Sio)] +B[v—v°—v"In (Uio)] + De + Ei; + Fi, + Gc, where
A, B, D, E, F and G are positive constants.

W is continuous function for all (s,v,e, iy, i, ¢,r) € R} U (0,0,0,0,0,0,0) and has 1% order partial derivatives.

W has  minimum  at  (s,v,e iy, iy cr) = (LHHTRLAZOYHH] PH

o St 0,0,0,0,0), which is

YrH-pl(-ep+H] pH_ _
W v 0,0,0,0,0) =0

Then, W=—[A(<p+k)(1—§)2—u<p]s—[B(¢+k)(1—§)2—A¢(1—§)(1—§)]v G +y+

kK)c < 0.

For (p 1) (1-2) > D B+ ) (1-2) > 4y (1-2) (1= ), F = £ B = 2 and

_ GlaB(8+k)+5A(a+k)]
T (@+k)(8+Kk)(8+A+k)

.Thus, the disease free equilibrium point of the model is globally asymptotically stable for R,ff < 1.
4.2 Existence of Endemic Equilibrium Points (EEP), E*

Let the endemic equilibrium of our normalized model system [8-14] be denoted by E*. It is obtained by E* =
(s*,v*,e* ij, iy, ¢, r*) setting the right hand side of each equation of the normalized model system [8-14] equal

to zero and solving for the state variables in terms of the force of infection ¢ = ;i + S,i; + f3c*. Thatis:

%= (1 —=p)H + epv — (Byiy + Poiz + (B —m)c + H)s =0 (8]
dv

E:pH—(lp+H—nc)v=0 [l
%:ﬁlils+ﬁ2izs+ﬁ3cs—(9+/1+H—nc)e=0 [10]
%=9e—(a+H—nc)i1=0 [11]
‘Z—i:=le—(5+H—nc)i2=0 [12]
%:nail+w6i2—(n+y+H—T)C)C=0 [13]
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& 1-eyv +(1—mai; + (1 —w)diy, +yc— (H—-nc)r=0 [14]

dc
Thus after some calculation we get the endemic equilibrium point is:

E* = (s v" e ij, i3 1) =

(H[(l—p)(¢+$)+PE¢] pH  @H[(A-p)@+8)+pep] @HO[(1-p)(P+E)+pe] QHA[(1-p)(@Pp+§)+ped] 1)
W+ (@+8) T @W+8)" O+A+DW+E)(9+8) ' (a+D(0+A+D) WY+ (p+8) (+DO+A+HW+E) (9+8)" '

Where,

*

r
_-ypHl(@+HE + 21+ (@ + G+ ]+ (1 —mMapHOE + DI~ )W +§) + pep] +yc [+ OO +A+H W + (@ + 9]
$@+DO+1+DW+H@+HG+9)

Now, we can show the existence of endemic equilibrium points using the force of infection

@ = Byig + Baiz + Psc”

_ QHOB [(A-p) W+ +pep] | @HAB[(1-p)(+§)+pey]

P = @t DWW T Gro@rarnwiners T P3¢

—p=_2 [HGB1[(1—p)(IIJ+E)+pEIIJ] sz[(l—p)(w+f)+pewl] + Bsc’
¢ (p+8) = (a+B)(O+A+H)(YP+E) (6+8)(0+A+5) (Y +$) 3

HOBA-p)Y+E)+peyp] | HAB[(1=p)(p+E)+pey]
(@+5(O+2+)H W +E) B+ (0+21+H) W +8)

—__9¢ * . _
= ¢ = 5 [A] + Bsc”. By letting A =

= @ — (A + Bsc" — o — Paéc” = 0. [18]
This is the quadratic polynomial and has at most two solutions.
Leta; = (A + B3¢* — &) and a, = B3&c™. Then,
e —ap—a,=0
== § [ \/W]. Here, we consider the following cases:
CASE-1: If a, = 0,then ¢ = 0 or ¢ = «a,. Here, ¢ = 0 shows the existence of disease free equilibrium point.
If a; > 0, then ¢ = a4, shows the existence of unique endemic equilibrium point. This means that, a, = 0
& Biéct =0
& B3(H—nc*)c" =0

< H=rnc"
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(o] c
= —
N

:7]—

N

< & = nC . From the model, this implies that the newborn is equal to the product of disease induced death rate
and chronically infected population. Epidemiologically this means, unique endemic equilibrium point exists

whenever children below or equal to 5 years old have a 95% probability of infected chronically.
CASE-2: If a; > 0,a, < 0 and a? + 4a, > 0, then there are two distinct endemic equilibrium points. That is,
a+ /a%+4¢x2 a;—_|a?+aay
pr=——7 —adp=—17—
THEOREM 5:
The HBV model [8-14] has a unique endemic equilibrium point if a; = A+ f3¢* — & > 0 and
a, = Bzéc* =00ra? +4a, =0.

4.2.1 Local stability analysis of the endemic equilibrium point

Endemic equilibrium points are steady state solutions where the disease persists in the population (all state
variables are positive). We use the Jacobean matrix and Routh-Hurwitz criterion to prove the existence of at least
one locally stable endemic equilibrium point forR.sr > 1. When R, > 1, it is expected that the disease would

be able to invade in the population.
THEOREM 6:

The endemic equilibrium point E* = (s*,v*, e*, if,i3,¢c*,1r*) =

(H[(l—p)(w+$)+pew] pH  @H[(1-p)(p+&)+pep] @HO[(1-p)(Pp+E)+pe] QHA[(1-p) (WY +§)+pey] ¢, r)
W+ (@+8) T W+8)" (0+A+)W+E)(9+8) ' (a+D(0+A+D) (WY +E)(@+8)’ (5+D(O+A+)(W+E) (9+8)" ' ’

Where

« _ (1=YpH[(@+5) (6+4+)) (9 +§)(8+)]+(1-m)apHO (§+D)[(1-p) P+ +pepp] +yc [(5+H (0 +A+D (Y +§) (9 +§)]
§(a+DO+A1+5) W +E) (9 +£)(6+9)

r

of the HBV model [8-14] is locally asymptotically stable (LAS) if R.qf > 1.

Proof:

The Jacobean matrix, J(E*) of model [8-14] with respect to (s, v*, e, if, i3, c*, r") at the endemic equilibrium

point is:
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—(p +$) P 0 —B1S” —B2S” —(Br —m)S* 07
0 -+ 0 0 0 nv* 0
2 0 —-0+1+98) BiS” B2S” BsS™ —ne” 0
J(E) = 0 0 0 —(a+8) 0 ni; 0
0 0 A 0 -6+ ni; 0
0 0 0 o wd -((1=cm+y+& 0
0 A-ey 0 A-ma (A-w)d y+nr* —¢1
Let t be eigenvalue of J(E™). Then,
—(p+$+71) €y 0 —B1S” —B2S” =B —m)S”
0 —-W+&E+1) 0 0 0 nv*
Q 0 —-O@+1+&+71) BiS* B,S* BsS* —ne*
0 0 6 —(a+&+71) 0 ni;
0 0 A 0 —(0+&+1) ni;
0 0 0 Ta w6 —-((A=cm+y+&+1)
0 1-ey 0 1-ma (1-w)dé y+nrt
=0
After some steps we have:
T=-8ort®+a;7° + a1t + a37t3 + a4t* + ast + ag = 0.

Let ay,by,cq,dq, e, and f; be the first column of Routh-Hurwitz array. After some steps we arrived on all
coefficients a,, by, ¢;, d4, e;and f;0f Routh Hurwitz first array are positive, and hence the dynamical system is

locally asymptotically stable at the endemic equilibrium point.
4.2.2 Global stability of endemic equilibrium point

We will analyze the global stability of the endemic equilibrium points applying the approach in [32].

V=3 4 <xi —xi —x{ln ;C—’> [20]

L

where A4; is properly selected positive constant, x; is the population of i**compartment and x; is the equilibrium

point. This approach has been found to be useful for more complex compartmental epidemic models.
THEOREM 7

The endemic equilibrium point

E* =(H[(1—p)(w+§)+pew] pH  @H[(1-p)(p+§)+ped] @HO[(1-p)(W+E)+ped]  @HA[(1-p)(Y+§)+pey]
W+ (p+8) "W+’ (0+A+)W+E)(@+8) " (a+D)(O+A+E) W +E) (9+8E) " (§+D)(0+A+E) (W +E) (9 +8)’

dynamical system of HBV model of [8] — [14] is globally asymptotically stable (GAS) if R, > 1.

c*, r*) of the

Proof:- Let the Lyapunov function W: R7 — R, is defined by:
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W(s,v,e, iy, iyc, ) =A(s —s*—s*In (g)) +Bwv—v"—v'In (%)) +

D(e—e*—e*ln(é))+E<i1—i{—ln(%))+F<i2—i;—ln(i—i>>+
1 2

G (c —c¢*—In (Ci)) +M (r —r*—In (TL)) Where, E* = (s*,v*, e, i;", i, ¢*, ) is the endemic equilibrium
point; and A4, B, D, E, F, G, M are positive constants.
The function W is positive definite with respect to the endemic equilibrium point (s, v, e, iy, i,,c,r) = E*and W

is continuous function for all (s,v,e,iy,i,,¢,7) € Riand has 1% order partial derivatives; W has minimum at

(s,v,e,i,ip,c,1) =

(H[(l-p)(w+§)+pew] pH  @H[(A-p)(@p+&)+pep] @HO[(1-p)W+E)+ped]  @HA[(1-p)(}+§)+pey]
W+ (@+8) @+’ O+A+DW+E)(9+8) ' (a+D(0+A+D)W+E)(p+8)” (5+D)(0+A+) W+ (p+8)’

c*,r*),which is

(H[(l—p)(w+€)+pew1 pH  @H[(1-p)(p+§)+pe] @HO[(1-p)(WY+§)+peyp] QHA[(1-p) (P +§)+pey] * *):O
W+ (@+8) T (W+8)’ (0+A+D)W+E)(9+8) ' (a+D)(0+A+D) (WY +E)(@+8) (5+D)(0+A1+)(W+E)(9+8) "~ '

OW _ 0Wds  0Wdv  d0Wde | 0Wdi, oW di, oW dc = OWdr

and 9t s dt | ovdr | de dt | 0i; dt | 9ip dt | dc dt ' or dt
oW s*\ ds v dv e*\ de i) diq i5 diy
ol =a(1-9)Z+B(1-2)L+p(1-2)S+E(1-3) 2+ Fa - D22
ot s/ dt + v/ dt + e/ dt + i,/ dt + ( iz) dt +

c*, dc r*, dr .
G(1 - ?) P M(1 — T) e After some steps, we have:

N

=W = —{[A((p +k) (1 - ;)2 —Do(1 - u)] s+ [3(1/; +1) (1- V;)z - [Aep(1—-p)(1 —q) +

M(1 — e)p(l — z)]] v + Mk (1 - %z) r}.

* 2

:W<O,f0rA(<p+k)(1—S?) > Do(1 —u),

B +k) (1 —Vf)z > [Aep(1 - p)(1 = q) + M1 — (1 - 2)] and 1> 2.

Therefore, The endemic equilibrium point

E* _(H[(l—p)(w+$)+p€¢] pH  @H[(1-p)@+)+pep] @HO[(1-p)(@+§)+pep]  @HA[(1—p) @ +§)+pey]
W+ (@+8) T W+8E)’ (0+A+DW+E)(9+8) " (a+D(0+A+D) W +E)(9+8) " (5+D)(O+A+D)(W+8E) (@+8)’

c*,r*) of the

model is globally asymptotically stable for R, > 1.
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5. Real parametric estimation, sensitivity analysis and numerical simulations
5.1 Parameter estimation

Estimation theory is a branch of statistics that deals with estimating the values of parameters based on measured
empirical data that has a random component. The parameters describe an underlying physical setting in such a
way that their value affects the distribution of the measured data. The term parameter estimation refers to the
process of using sample data to estimate the parameters of the selected distribution. In this paper, we analyzed a
non-linear mathematical SVEA;A,CR model of Hepatitis B virus with horizontal, vertical, sexual and blood
donation transmission using the secondary data from Ministry of Health of Federal Republic of Ethiopia.
Ethiopia is the tenth largest country in Africa, covering 1,104,300 square kilometers and the major constituent of
the land marks known as Horn of Africa. The total population of Ethiopia is 107,534,882 [13]. Ethiopia is a
federal republic with nine regional states (Amhara, Afar, Benishangul-Gumuz, Gambella, Harari, Oromia,
Somali, Tigray and Southern Nations Nationalities and Peoples (SNNPR)) and two administration cities, Addis
Ababa and Dire Dawa. The regional states are divided into 85 zones and are further divided in to about eight
hundred woredas/districts/ and around 15,000 kebeles (wards) [11].

Ethiopia

Figure 4: Ethiopia: Regions and Zones- Ethiopia| Relief Web.int

5.1.2 Method of data collection

Data collection is the process of gathering and measuring information on targeted variables in an established
system, which then enables one to answer relevant questions and evaluate outcomes. It is useful to distinguish
between two broad types of variables: qualitative and quantitative. For our research we are collecting numerical
secondary data. The secondary data has an important role in terms of increasing the level of research validity,
accuracy and reliability.

5.1.3 Collection of secondary data

The required secondary data collected from demographic of Ethiopia about the population is given in the table
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below:

Table 2: population of Ethiopia !

Description Notation | Values
Total number of Female in Ethiopia F 54,590,362
Total number of Male in Ethiopia M 54,634,052
Total number of population in Ethiopia | T 109,224,414

In this paper the total population isN =S+V +E+ A, +A,+C+ R. The fraction of population and
parameter values of the HBV model of SVEA,A,CR is given in the table below:

Table 3: summery of fraction of population and parameter values

Descriptions Symbol | Values | Data
source

Rate of waning vaccine induced immunity Y 0.1 [25]

Transmission coefficients of acutely infectious individuals with age below or B1 0.8729 | [14]

equal to 5 years

Transmission coefficients of acutely infectious individuals with age above 5 B2 0.8511 | [14]

years

Transmission coefficients of chronically infectious individuals B3 0.8823 | [14]

Rate of moving from exposed to acutely infected class with age below or equal 6 0.0164 | [25]

to 5 years

Rate of moving from exposed to acutely infected class with age above 5 years A 0.0164 | [25]

Rate of moving from acutely infected class with age below or equal to 5 years a 0.08 [25]

to chronically infected class.

Rate of moving from acutely infected class with age above 5 years to 6 0.08 [25]

chronically infected class.

Recovery rate y 0.007 [25]

Natural death rate u 0.00653 | [22]

Mortality rate by chronic infection n 0.002 [25]

Proportions of vaccinated newborns p 0.883 [17]

The proportion of individuals which loose the efficacy of vaccine. € 0.05 [25]

The proportion of leaving acutely infected class with age below or equal to 5 T 0.523 [25]

years and progressing to chronically infected class.

The proportion of leaving acutely infected class with age above 5 years and 1) 0.03 [25]

progressing to chronically infected class.

Ratio of vaccinated newborn to total population H 0.006 [25]

In our research, the data collection instruments will design for a standard record review format containing study
variables. Secondary data is collected from already recorded document in the two administrative Cities and the
nine regional states Health Bureau. The model on HBV will include the following information: age, number of
acutely and chronically infected population, the number of acutely infected population with age less than or
equal to 5 year which are recovered, the number of acutely infected population with age greater than 5 year
which are recovered, the number of acutely infected population with age below or equal to 5 year which are
chronically infected, the number of acutely infected population with age above 5 year which are chronically

infected, the number of population recovered from chronic infection, the number of vaccinated population. We
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obtained secondary data from the reports of world Health Organization (WHO), Federal Democratic Republic of

Ethiopia Ministry of Health and related literatures.
5.2 Sensitivity Analysis

The sensitivity analysis reveals how imperative every parameter is to illness transmission. It is regularly used to
decide the robustness of model expectations to parameter values since there are errors in data collection and
assumed parameter values [27]. The perturbation of fixed point estimation of model parameters and the
uncertainty in the model parameter estimation are the two most commonly used techniques for sensitivity
analysis. The sensitivity of a variable with respect to system parameters is usually measured by sensitivity index.
Sensitivity indices enable us to quantify the relative change in a variable when a parameter changes. The
normalized forward sensitivity index of a variable regarding a parameter is the proportion of the relative change
in the variable to the relative change in the parameter. When the variable is a differentiable function of the

parameter, the sensitivity index might be on the other hand defined utilizing partial derivatives.
Definition: The normalized forward sensitivity index of R, that depends differentiably on a

Parameter p is defined by:

SI(P) = ORerr P
Op  Resy

The parameter with higher magnitude is/are more influential. The sign of the sensitivity indices of R.; with
respect to the parameters show the positive or negative impact of the parameter onR, . That is, if the sign of
the sensitivity indices is positive then the value of R.¢, increase whenever the value of the parameter increases
and if the sign of the sensitivity indices is negative then the value of R.f, decrease whenever the value of the

parameter increase [28].

The effective reproduction number of the model is:

R _ {¢+H—P[(1—6)1/J+H]}[ 0p1 AB2 Omaps AwdpB3 ]
eff T (@+a+W)@+H)  L(a+H) ' (6+H) ' (a+H)(qp+y+H) | (S+H)(p+y+H)
__ ORgyf 0 _ {Y+H-p[(1-e)Y+H]} - B1 naf3 0

S16) ==, XReff T WHH)(0+A+H)? [(a+H) (a+H)(p+y+H) XReff

_ ORepr By _ (WrH—plA-e)p+H]} - 6 B
SIB) = 3B XReff_ (0+A+H) (P+H) [(a+H) XReff

_OResr  Bp _ {p+H-plA-e)y+H]} A B2
SI(B;) = 3B, XReff_ (6+A+H)(p+H) [(5+H)]XReff

_ ORerr B3 _ (Y+H-plA-)y+H]} ona Aws B3
SI(Bs) = 3P XReff_ (O+A+H) (p+H) [(6+H)(r]+y+H)+(6+H)(11+y+H) Reff
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SI(A) — aREff Z- {1/1+H—P[(1—€)1/1+H]}[ B2 wdf3 A
oA Reff eff W+H)(0+2+H)2  “(5+H)  (B+H)(+y+H)" ~ Refy

ORerr  m  _ {p+H-pl(1-€)yp+H]} Oaps3 L
Si(m) = on fof @+H)(6+A+H) [(a+H)(n+r+H) Reff

SI(w) = OReff @ {IIJ+H—p[(1—€)IIJ+H]}[ A8B3 w
dw R eff (I[J+H)(9+)L+H) (5+H)(71+Y+H) Reff

SI(q) = 2RetL o @ _fpriimplGooprnl) 65 onhs 1

Oa Regr N (Y+H)(0+A+H) (a+H)? - M+y+H) (a+H)? Reff

SI(5) = aReff w8 o WrHoplO-OYHD Ay | Aeps

Refr (Y+H)(0+A+H) (6+H)? ~ (n+y+H)(6+H)? Reff
R Y (1-p(A-&)]W+H)—{Yp+H—p[A-€)Y+H]} 1
1 eff - X
SIW) = Reff W+H) Y+H-p[(1-€)p+H]} v
d —[(1—-
SI(p) = Reffx P _ [1-e)yp+H] X p

3 " Repy  (WHH-pl(-e)p+H])

SI(]/) aReff x Y _ [07‘[&[?3 Awép3 1 1

= — Xy
R H S+H H)2 [ 0B1 + By N Onaf3 Awdf3 ]
o eff (att) G+ ]ty +H)® o s DD T G+l

SI(e) = ORers x—_ = 4 X €
0e Ry {W+H-pl(Q-e)y+H]}
eff n__ _ [6maBs AwdB3 1
Si(m) = o S Rurr Resy L@ (5+H)] (11+}'+H)2 (557 _iF; _ OmaPy ____ Jwdps ] xn

(a+H) " (6+H) ' (a+H)(+y+H) " (6+H)(m+y+H)

_ OResf , H_
SI(H) = o XReff

The resulting sensitivity indices of R.¢r to the fifteen different parameters in the model are shown in the

following table in the order from most sensitive to least.

From the sensitivity index of the model we consider that the most sensitive parameter is p, which is proportions
of vaccinated newborns. The least sensitive parameter is 5, which the transmission coefficients of chronically

infectious individuals.
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Table 4: The sensitivity index of the parameters

Order Parameter Sensitivity index

1 p —5.30314562
2 A 0.89737403
3 T 0.57104767
4 H —0.48105592
5 0 0.35091160
6 Yy —0.28177508
7 € 0.26253196
8 By 0.20254436
9 B, 0.19748597
10 a —0.18436455
11 ) —0.18367360
12 n —0.08050716
13 w 0.03275608
14 Y 0.01486029
15 B3 0.00905705

5.3 Numerical simulation

The underlying purpose of simulation is to shed light on the underlying mechanisms that control the behavior of
a system. More practically, simulation can be used to predict (forecast) the future behavior of a system, and
determine what you can do to influence that future behavior. It also uses to study the behavior of a system
without building it.

5.3.1 Evaluation of effective reproduction number and basic reproduction number

In our HBV model of SVEA;A,CR,

R _ 01 {Y+H-p[(1-e)Y+H]} + AB2{yp+H-p[(1-€)Y+H]} Omaf3{Y+H—p[(1-€)Y+H]} AwdB3{+H—p[(1-€)p+H]}
eff = (0+A+H)(Y+H)(a+H) (0+A+H)(Y+H)(6+H) (60+2+H)(Y+H)(a+H)(n+y+H) (0+A+H)(Y+H)(6+H)(n+y+H)
and Ro _ 061 B2 Orafs Awd B3

(0+A+H)(a+H) (0+A+H)(6+H) (6+A+H)(a+H)(m+y+H) (0+A+H)(8+H)(+y+H)

After substitution of the above numerical values of the parameters we have: R.rr = 3.37335245 and R, =
21.26273123. From this data analysis, we consider that the basic reproduction number is R, = 21.26273123
which means one infectious individual infects 21 healthy individual in his/her infectious time. But the effective
reproduction number is R.sr = 3.37335245 which means because of intervention by vaccination of HBV; one
infectious individual can infect 3 healthy individuals in his/her infectious time. Since R,;; = 3.37335245 > 0,

it indicates that HBV disease persists in a community. So, vaccination of HBV is effective to control the disease.
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5.3.2  Effective reproduction numbers verses numerical parameter values
In this model, we have got the effective reproduction number

R _ {¢+H—p[(1—€)¢+H]}[ 0p1 AB2 Omaf3 Awéf3
eff T (+A+H)W+H) Y(a+H) | (6+H) ' (a+tH)(pty+H) | (6+H)(p+y+H)

] of nonlinear HBV model which

depends on fifteen parameters. In the analysis, we get only five parameters which influence the effective
reproduction number. These are 6, which is the rate of moving from exposed to acutely infected class with age
below or equal to 5 years; 4, which is the rate of moving from exposed to acutely infected class with age above 5
years; m, which is the proportion of leaving acutely infected class with age below or equal to 5 years and
progressing to chronically infected class; p, which is the proportions of vaccinated newborns and H, which is the
ratio of vaccinated newborn to total population. The effect of these parameters on the effective reproduction
number is graphically represented as follows using Win plot software, where the parameter values are taken from
the table 4. Other parameters do not influence the effective reproduction number

Rerr Rerr
s ~
3.680738m + 0.11042

Resy

) 2.2930446

6+ 0.0224
0.03035A + 0.105468

2+ 0.0224
Repr =1 Repr=1

- Regr= 1
|
0.017323 4 0.085668 ’ 0.241685 7
Fig. 5A Fig. 5B Fig.5C
Refr Refy
e
T —21.885478p + 22.968917

(0.117H +0.016115)(0.757241H + 0.007541)
(H + 0.0328)(H + 0.1) (H + 0.08)(H +0.009)

Repr =1 Rerr =1

1.003813 ’ 0.2988 ’
Fig.5D Fig.5E

Figure 5: Graphs of effective reproduction number verses the five parameters which influence the effective

reproduction number

From the graph of Fig.5A, we see that there is intersection point (0.017323, 1) between effective reproduction
number R and the rate of moving from exposed to acutely infected class with age below or equal to 5 years; 6,

in the first quadrant. Here we observe that, when R.fr < 1,then 6 < 0.017323; this means that the spread of
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HBYV disease decreases when 6 is less than 0.017323. If R, > 1, then 6 > 0.017323; this means the disease
of HBV spreads in the community when 6 is greater than 0.017323. Thus the parameter 8 is our control
parameter. From Fig.5B, we see that there is intersection point (0.05668,1) between effective reproduction
number R and the rate of moving from exposed to acutely infected class with age above 5 years; 4, in the first

quadrant. Here we observe that, when R.¢ < 1, then

A > 0.05668; this means that the spread of HBV disease decreases when 4 is greater than 0.05668. If R, >
1,then 4 < 0.05668; this means the disease of HBV spreads in the community when 4 is less than 0.05668.
Thus the parameter A is our control parameter. From the graph of Fig.5C, we see that there is intersection point
(0.241685, 1) between effective reproduction number R and the rate of the proportion of leaving acutely
infected class with age below or equal to 5 years and progressing to chronically infected class; , in the first
quadrant. Here we observe that, when R,sr < 1, then m < 0.241685; this means that the spread of HBV disease

decreases when m is less than 0.241685. If R.¢f > 1, then

m > 0.241685; this means the disease of HBV spreads in the community when r is greater than 0.241685.
Thus the parameter m is our control parameter. From Fig.5D, we see that there is intersection point
(1.003813, 1) between effective reproduction number R and the proportions of vaccinated newborns; p, in
the first quadrant. Here we observe that, when R,qr < 1, then p > 1.003813; this means that the spread of HBV
disease decreases when p is greater than 1.003813. If R,sr > 1, then 1 < 1.003813; this means the disease of
HBV spreads in the community when p is less than 1.003813. Thus the parameter p is our control parameter.
From Fig.5E, we see that there is intersection point (0.2988, 1) between effective reproduction number R and
the ratio of vaccinated newborn to total population; H, in the first quadrant. Here we observe that, when R, ;r <
1,then H > 0.2988; this means that the spread of HBV disease decreases when H is greater than 0.2988. If
Rerr > 1,then H < 0.2988; this means the disease of HBV spreads in the community when H is less than

0.2988. Thus the parameter H is our control parameter.
6. Results and Discussions

The disease burden caused by HBV and other forms of hepatitis is undocumented in Ethiopia, although acute
viral hepatitis, chronic hepatitis, cirrhosis of the liver and HCC accounted for significant hospital admissions and
mortality rate [38]. In late 1990s, the most common tumor in medical units in Ethiopia was associated with a
50% carrier rate of HBsAg [8, 38]. In line to this, the overall HBsAg prevalence in the symptomatic liver disease
patients estimated 20% and 21.2% from the Meta analysis and systematic review analysis, respectively. In
Ethiopia, reports on HBsAg prevalence were also common from groups such as pregnant women, diabetic
patients, street dwellers, HIV VCT clients and commercial sex workers. The HBsAg prevalence was hyper
endemic among healthcare professionals [22] and medical waste handlers [17] in particular might be associated
with occupational risk exposures since they deal with all sorts of the infected samples with no HBV vaccination,
which is the simplest protection and standard practice elsewhere. A recent study showed that although
knowledge about availability of HBV vaccine was 62% among healthcare workers, fully vaccinated

professionals were only 5.4% [3]. We considered non-linear system of ordinary differential equation to study the
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dynamics of HBV disease in Ethiopia. In this study we adopted and extended the appropriate mathematical
model on the dynamics of HBV and we found that an important aspect of mathematical epidemiology which is
known to be effective reproduction number R.¢ which determines how HBV spreads in the country; and control
it. To decide if the spread of HBV in Ethiopia is high or low, we used the standard measurement which is known
as the effective reproduction number R¢. In our modified model we have derived the effective reproduction

number

R _ {1/1+H—p[(1—€)l/1+H]}[ 081 AB2 onafs Awéf3
eff O+A+H)W+H)  L@+H) ' 6+H) ' (a+H)q+y+H) | (S+H)(p+y+H)

] which depends on fifteen parameters.

We also found that the numerical value of the effective reproduction number based on some collected data from
Ministry of health of Ethiopia and standard data taken from different journals is R.rr = 3.37335245 > 1. This
in principle implies that the disease spreads in the community and one infectious individual infects about three
healthy individuals in his/her infectious time. We observe from the numerical simulation figures that we have
five control parameters namely, the rate of moving from exposed to acutely infected class with age below or
equal to 5 years 6, the rate of moving from exposed to acutely infected class with age above 5 years 4, the
proportion of leaving acutely infected class with age below or equal to 5 years and progressing to chronically
infected class m,the proportions of vaccinated newborns p and the ratio of vaccinated newborn to total
population H which influence the effective reproduction number. We discuss about these control parameters in
detail as follows. The graph in figure 6 tell us that how effective reproduction number R is affected by the rate
6 of moving from exposed to acutely infected class with age below or equal to 5 years. From the graphical
representation we have got that 8 = 0.017323 is our control parameter. If 8 > 0.017323, then the effective
reproduction number is greater than one and HBV disease spreads in the community. If 0 <
0.017323 then the effective reproduction number is less than one and it is possible to reduce the spread of HBV
in the community. The graph in figure 10 tells us that how effective reproduction number R is affected by the
rate A of moving from exposed to acutely infected class with age above 5 years. From the graphical
representation we have got that 2 = 0.05668 is our control parameter. If A < 0.05668 then the effective
reproduction number is greater than one and HBV disease spreads in the community. If 2 > 0.05668 then the
effective reproduction number is less than one and the disease decrease its spread in the community. The graph
in figure 11 shows that how effective reproduction number R is affected by the rate m of the proportion of
leaving acutely infected class with age below or equal to 5 years and progressing to chronically infected class.
From the graphical representation we have seen that m = 0.241685 is our control parameter. If © <
0.241685 then the effective reproduction number is less than one and the spreads of HBV in the community
decreases. If m > 0.241685 then the effective reproduction number is greater than one and the HBV disease
spreads in the community. The graph in figure 16 tells us that how effective reproduction number R is strongly
affected by the proportions of vaccinated newborns p. From the graphical representation we have got that
p = 1.003813 is our control parameter. If p < 1.003813 then the effective reproduction number is greater than
one and the HBV disease spreads in the community. If p > 1.003813 then the effective reproduction number is
less than one and the disease dies out. Here, the parameter p is the most sensitive parameter which tell us that,
increasing the number of vaccinated population decreases the spread of HBV and helps to control the

transmission. From Figure 20, we have seen that how effective reproduction number R is affected by the ratio
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of vaccinated newborn to total population H. From the graphical representation we have got H = 0.2988 is our
control parameter. If H < 0.2988 then the effective reproduction number is greater than one and the HBV
disease spreads in the community. If H > 0.2988 then the effective reproduction number is less than one and the

disease decreases its spread in the community.

7. Conclusions

From the dynamical system of the HBV model, we obtain the effective reproduction number

_ {Y+H-p[(A-)y+H]} [ 61 AB2 Omaps Awép3 ; ;
Rerp = (O+A+H)(+H) [(a+H) (8+H) ' (a+H)@+y+H) (6+H)(11+y+H)] The basic reproduction number,
1 0p1 AB2 Onafs Awd B3

where there is no intervention, is R, = D [(a+H) o) T @mmirn T G

Based on the data collected from ministry of health of Ethiopia and standard data taken from different journals,
the numerical value of reproduction number is R, = 21.26273123 which is greater than one. This tells us that;
one infectious person can infect about 21 healthy individuals in his/her infectious time. Our new model shows
that, the effective reproduction number R.;r = 3.37335245 > 1. This tells us that; one infectious person can
infect about 3 healthy individuals in his/her infectious time. This reduction of infection is because of the
vaccination intervention. However, still effective reproduction number is greater than one and the disease
persists in the community. Hence further intervention must be investigated. We have observed that the disease
free equilibrium point is locally asymptotically stable and globally asymptotically stable. Also the endemic
equilibrium point is locally asymptotically stable and globally asymptotically stable. From the sensitivity index
of the model we consider the most sensitive parameter is p, which is the proportions of vaccinated newborns.
That is, increasing the proportion of vaccinated newborns can reduce the spread of HBV disease in the
community. The list sensitive parameter is B5; which is the transmission coefficient of chronically infectious
individuals is. Therefore attention must be given to the proportions of vaccinated newborns to control the HBV
disease.

8. Recommendations

In this study we observe that the effective reproduction number R.;r = 3.37335245 is greater than one and
this implies that the disease spreads in the community. Therefore, we want to draw the following

recommendations to make the effective reproduction number less than one:

The rate of moving from exposed to acutely infected class with age below or equal to 5 years 6 should be less
than 0.017323,the rate of moving from exposed to acutely infected class with age above 5 years A should be
greater than 0.05668, the rate of the proportion of leaving acutely infected class with age below or equal to 5
years and progressing to chronically infected class 7 should be less than 0.241685, the proportions of vaccinated
newborns p should be greater than 1.003813 and the ratio of vaccinated newborn to total population H must be
greater than 0.2988 .
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