International Journal of Sciences: . =
Basic and Applied Research Sciences:

. Basic and Applied
) PR (USBAR) Sk
Q&7  basic and Appled Research ISSN 2307-4531
(Print & Online)
ISSN 2307-4531 =

(Print & Online) i

http://gssrr.org/index.php?journal=JournalOfBasicAndApplied

Abundant Exact Soliton Solutions to the Space-Time
Fractional Phi-Four Effective Model for Quantum Effects
Through the Modern Scheme

M. Al-Amin®, M. Nurul Islam®, M. Ali Akbar®"

*PDepartment of Mathematics, Islamic University, Kushtia, Bangladesh
‘Department of Applied Mathematics, University of Rajshahi, Bangladesh
®Email: m.alamin.iu@gmail.com
®Email: nurul_math_iu@yahoo.com
°Email: ali_math74@yahoo.com

Abstract

The space-time fractional Phi-four (PF) equation is measured as a particular case of the familiar Klein-Fock-
Gordon (KFG) model and plentiful quantum effects can be investigated through the PF model’s solutions. In
this article, the auxiliary equation method (AEM) is employed to attain the traveling wave solutions and in this
purpose, the complex wave transformation and Maple software are utilized. The constructed wave solutions are
the form likely, hyperbolic, exponential, rational, and trigonometric functions as well as their integration. The
physical significance of the obtained solutions for the specific values of the integrated parameters in the course
of representing graphs and understood the physical phenomena. It is shown that the AEM is powerful, effective

and simple and provide more general traveling wave solutions to the NLEEs.
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1. Introduction

In recent times, nonlinear fractional partial differential equations (NLFPDE) which is initially define in 1695,
are considered as one of the significant and fundamental branches in physical science [1], particularly for
disclosing various novel properties of compound phenomena in different fields such as nuclear physics,
atomic physics, quantum mechanics, solid-state physics, optical physics and more. Throughout this context,
several effective nonlinear models have been derived by scholars to investigate the exact solution of FPDEs in
multiple studies such as the first integral method [2], the auxiliary equation method [3-6], the two variable
(G'/G,1/G)-expansion method [7], the extended tanh-function method [8], the transformed rational function
method [9], the variational iteration method [10], the finite difference method [11], the Sine-Gordon expansion
Method [12], the MSE method [13-15], the modified Kudryashov method[16],the Fourier transform method
[17], the Exp-function method [18], the Modified exp~2¢)-expansion function method [19], the test function
method [20], the (G'/G)-expansion method [21-24], the Logarithmic transformation method [25], the fractional
sub-equation method [26], etc. In this study, we consider the well-known nonlinear space-time fractional Phi-

four (PF) equation [37] such as:

%%u(x,t)  9%%u(xt)
Jrza | gx2a

+ulx,t) —u3(x,t) =0;t>0, and 0<a < 1. (1.1)

Hereais the order of fractional derivative. In recent years, the nonlinear space-time fractional Phi-four equation
is handled through a variety of well-organized and powerful methods for developing several solitary traveling
wave solutions. For example, the approach ofexp(—® (&) and the modified Kudryashov[27], the generalized
Kudryashov method [28],the New extended direct algebraic scheme[29], the Weierstrass elliptic function
method[30], the Mapping technique[31], the unified technique [32], the modified Simple equation method[33],
tanh function method[34], etc. are the leading approaches to explore the exact solutions of the Phi-four model.
Here, our declared approach is efficient and deliver more general closed form traveling wave solutions to the
fractional NPDEs. As per statistical assessment, there are no fruitful studies found yet on our preferred Phi-four
equation by the aid of our declared auxiliary equation method to extract traveling wave solutions with the
conformable derivative. The main objective of this study is to exact more general close form wave solutions of
space- time fractional Phi-four equation by applying the auxiliary equation method. We have compare our result
with the result found from the generalized (G'/G)-expansion method. We also have depicted the attained
solutions by taking the suitable values of parameters and explain the physical important. So, we can claim that
our proposed study on space-time fractional Phi-four equation with the aid of the auxiliary equation method is
novel in the sense of conformable derivative. The rest of the article is set in the following: We sketch the
definition of the conformable derivative in section 2. In section 3, we explain the method briefly. In section 4,
we extract the traveling wave solutions and compare the results of the attained solitons and finally we discuss

the conclusions.

2. The Conformable Fractional Derivative (CFD)

The conformable fractional derivative (CFD) of order ¢ > 0 with respect variable tis recognized by Khalil and

his colleagues [35] is defined as follows:
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Consider a functiong: (0, ©) — R, the conformable fractional derivative of g is define as.

1-0\_
MW > 0 and te(0,1].

Lég(t) = lim£—>0
The following theorems pass on to the properties fulfilled by the definition;

Theorem 1.Let us consider:e(0,1] and g, Q are t-differentiable at a pointt. Then the following properties carry:

Li(cg +dQ) = cLi(g) +dLi(Q)
Li(t?) =qt?, VgeER
Li(r) =0, Vu(t) =t.

Lt(Qg) = QLi(g) + gL:(Q)

Q) _ 9L (@-0Li(g)
Lt - ——2
g g

LLQ(t) = t1 ‘;—f wherein t1~ indicate a fractional conformable function

forall ¢c,d € R [35].

Conformable differential operator satisfies some important types of stuff like the chain law, Taylor series

expansion and Laplace transforms [36].

Theorem 2.LetQ = Q(t)be at conformable differentiable function and g is differentiable in the range of Q.Then
Li(Qog)(®) = t*'g'(1)Q' (g ().

3. Method Description

Let a general FNLDE is as follows:
D(v, Dfv, DEv, D}v, D% ...) = 0, (3.1)

where v = u(t, x, y, z) is wave function, D is a polynomial inv(t, x,y, z) and its partial derivatives. It contains
the utmost order nonlinear terms and derivatives, the subscripts specify partial derivatives. To find the solution

of (3.1) using the auxiliary equation method, it holds the following steps:
Step 1: Consider the traveling wave variable
x* yH tP
v(x,y,t)=U(<p);(p=m7+n7ik? (3.2)
where k is the traveling wave velocity and p, k, uare fractional order derivatives (0 < p < 1,k, 1) and they may

be equal or not. Applying the transformation (3.2) into (3.1) which allows us to transform the (3.1) into the

ordinary differential equation (ODE) as:
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Z,v',v",..) =0, (3.3)
where the polynomial Z contain v(¢) and its different derivatives, wherein v’ (¢) = Z—; .
Step 2: Here (3.3) can be integrated term by term one or more times.
Step 3: Suppose that the traveling wave solution of (3.3) can be revealed in the form:
v(p) =Xy a’@, (3.4)

Where the constants ¢; and ahave to be calculated, Thus ¢y # 0 and f(¢)satisfies the subsequent auxiliary

equation:
’ 1 -
f'(@) =—{pa”@ +q +ra @}, (3.5)
The prime locates for derivative with respect to ¢ and p, q, r are real parameters.

Step 4: The positive integer N occurs in (3.4) can be examined by the homogeneous balancing the derivatives of

highest order and the highest order nonlinear terms arise in (3.3).

Step 5: Putting (3.4) together with (3.5) into (3.3) and the value of N determined in Step 4, we attain
polynomial in a¥/ ), Taking all the terms of the same power of a’/®), where (i = 1,2,3 ...) and equating them
to zero yields a system of algebraic equations with the values c;, p, g and r and solving the algebraic equations
give the values of the unknown parameters. As the general solution of (3.5) is known, putting the values of
¢i(i=1,2,3..),p,q and r into (3.5), we find out more general types and fresh closed form soliton of the
fractional NLDE (3.3).

Step 6: For the different values of p,q and r and their relationship, (3.5) provides different types of general

solutions.
4. Formulation of the Solutions and Results Discussion

In this section, we study the space-time fractional Phi-four (PF) equation to estimate several newer and further
general closed form wave solutions by applying the auxiliary equation method and compare our results with the
results found from the generalized (G'/G)-expansion method. Moreover, we have discussed on the graphical

depiction and physical clarification for the different natures of attained soliton solutions.
4.1. Formulation of the solutions to the space-time fractional Phi-four (PF)model

In this section, we prepare several advance and closed form soliton solutions to the nonlinear space-time
fractional Phi-four equation. Now we study the well-known nonlinear conformable space-time fractional Phi-
four (PF) model [37] in Eqg. (1.1).
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Consider the travelling wave variable v(@) = v(x,t), where ¢ = m§+ k%then Eq.(1.1) is reduced to an

ODE as:
k?—m*v" +v—-v3=0 (4.1)

The solutions archived by applying the auxiliary equation method to space-time fractional Phi-four equation are
given below. Balancing between the uppermost order linear and nonlinear terms appearing in (4.1), gives
us N = 1. Therefore, the solution of (4.1) is:

v=cy+caf @, (4.2)

By applying the results of (4.2), (3.5) and (4.1) and connecting the coefficients the powers of a*/(») and taking
zero, we get a set of algebraic equations (for simplicity which are not assembled here) for ¢, , ¢;, p, g, 7. Solving
the system of algebraic equations by means of the characteristic computation software Maple, recommend the

solutions as:

_ q _ 2r _ 2 2
co—im, Cl—im, k—i/m t (4.3)

Family 1: When g2 — 4 pr < 0 and r # 0, we reach the soliton solutions:

v;(x,t) = +itan (—V”Zr_qz (p), (4.4)
v,(x,t) = Ficot (7“41’;_(12 (p). (4.5)

Family 2: When g2 — 4 pr > 0 and r # 0, the solutions turn into the form:

v3(x,t) = Ftanh (—'qZ;W (p), (4.6)

v,(x,t) = Fcoth (7“(12;41” (p). 4.7)

Family 3: When g2 + 4 p? < 0, 7 # 0 and r = —p, we achieved the solutions:

vs(x,t) = titan (7‘_((12;4172) (p), (4.8)
vg(x, t) = Ficot (7‘_((12;4”2) (p). (4.9

Family 4: When g + 4 p? > 0, r # 0 and r = —p, we get the solutions:
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2 2
v,(x,t) = Ftanh (w <p),

(4.10)
vg(x,t) = Fcoth (7'(‘12;41)2) <p).

(4.11)

Family 5: When g2 — 4 p2 < 0 and r = p, the solutions turn into the form:

vo(x,t) = *itan

’

(v—(q2—4 p%) (p)
2

(4.12)

[—(g2— 2
vy0(x, t) = Ficot (w (p).

(4.13)
Family 6: When g2 — 4 p2 > 0 and r = p, our attained the solutions:

v11(x, t) = Ftanh (7“((12;41)2) (p)

’

(4.14)

v12(x, t) = Fcoth <7'(qz_24p2) (p).
(4.15)

Family 7: When g2 = 4pr, we found the trivial solution. Therefore, the solution omitted here.

Family 8: When rp < 0, g = 0 and r # 0, we found:

vi3(x, t) = $tanh(,/—rp(p),
(4.16)

vy4(x, t) = Feoth(,/—rpe).
(4.17)

Family 9: When q = 0 and p = —r, we achieved the solution:

1+e(-279) )

vIS(x' t) = i (—1+€(_2 rQ)

(4.18)

Family 10: When p = r = 0, the obtained solution has no physical significance and not written here.
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Family 11: Whenp = g = handr = 0, we attain the soliton solution in the form of trivial solution and the

solution has no physical significance. Therefore, the solution omitted here.

Family 12: When g = r = hand p = 0, we get the solution as:

vie(x, t) = £ ( 2eh? )

1-ehe
(4.19)
Family 13: When g = p + r, we have:

_ p+r 2r (1-pe®~") ‘p)
viy (6 t) = £ (,: - () )

(4.20)

Family 14: When g = —(p + r), the obtained solution:

_ -p-r 2r (p—-e®P M@
vig(r,t) =& ( p-r + ;(r—e(p-ﬂlp) )

(4.21)

Family 15: When p = 0, we get the solution:

2red® )

vlg(x' t) =+ (I—req"’

(4.22)

Family 16: When r = g = p # 0, we obtain:

V,0(x,t) = Fi tan (gp(p).
(4.23)

Family 17: When r = q = 0, the soliton solution turns into trivial form which is not shown here.
Family 18: When p = q = 0, the obtained solution has no physical significance and not written here.

Family 19: When r = p and q = 0, the establish solutions:

v,1(x,t) = Fitan(pe).
(4.24)

Family 20: When r = 0, we found the trivial solution. Therefore, the solution omitted here.

a [24
In the above soliton solutions, ¢ = m% +k %and k is the wave velocity and p, q, r, m are arbitrary constant.
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4.2. Graphical depiction and physical significance of the attained solutions

In this section, the Wolfram Mathematica is used to depict the attained solutions for the distinct values of the
involved parameters and discuss the physical significance. For simplicity, some figures of the obtained solutions
are exposed here and some are skipped which scheduled below:

We discuss on the graphical depiction and physical explanation for the various natures of obtained soliton
solutions such as, (4.4), (4.10), (4.13), (4.19) and (4.24) of the considered model in this work for the diverse
values of all incorporated parameters in suitable interval. But, for minimalism the figures of the remaining other
obtained solutions are omitted here. The effect of the values of fractional parameter discussed below:

The outlines of the solution (4.4) for different values of fractional parameter aare:

Figure 1: 3D and contour plot of (4.4) which is the periodic soliton for p = 1.5,q = 0.5,r = 1.5,m = 0.7,a =
0.99.

Figure 2: 3D and contour plot of (4.4) which is the periodic soliton forp = r = 1.5, ¢ = 0.5, m = 0.7,
a = 0.95

Figure 3: 3D and contour plot of (4.4) which is periodic soliton forp = 1.5,q = 0.5,r = 1.5,m = 0.7,a =
0.85.

The above figures (Fig.1-Fig.3) for the solution (4.4) it is seen from the analysis that, the shape of the soliton
(4.4) is multiple periodic (Fig.1-Fig.3) for the value of fractional parameter « = 0.99, @ = 0.95 and a = 0.80.
But, when the value of a varies with respect to time, the shape of these 3D figures are changed (see in Fig.1-
Fig.3).

And the profiles of the solution (4.10) for diverse values of fractional parameter « are:
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Figure 4: Plot of 3D and contour shape of (4.10) which is squeezed bell shape soliton for p = 1.5, = 0.5,r =
1.5, m = 0.7,a = 0.99.

Figure 5: Design of 3D and contour plot of (4.10) which is a general soliton forp = 1.5,q = 0.5,r = 1.5, m =
0.7, = 0.95.

Figure 6: Plot of 3D design and contour shape of (4.10) which is a general soliton for p = 1.5,q = 0.5,r = 1.5,
m = 0.7, = 0.85.

Again, the figures (Fig.4-Fig.6) for the solution (4.10) it is seen from the investigation that, the shape of the
soliton (4.10) is kink shape soliton (Fig.4-Fig.6) for the value of fractional parameter ¢ =099, a =
0.95anda = 0.85. But, when the value of a varies with respect to time, the outline of these 3D figures are

changed (see in Fig.4-Fig.6).

The outlines of the wave solution (4.13) for different values of fractional parameter « are:

Figure 7: Design of 3D and contour plot of (4.13) which is periodic soliton for p = —0.5,q = 3.5,r = 0.5,m =
0.4,a = 0.99.
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Figure 8: Plot of 3D and contour shape of (4.13) which is periodic soliton forp = —0.5,q = 3.5,7 = 0.5,m =
0.4, = 0.95.

Figure 9: Plot of 3D and contour shape of (4.13) which is periodic soliton forp = —0.5,q = 3.5,r = 0.5,m =
0.4, = 0.90.

Furthermore, in the above graphical analysis, we draw the 3D plot as, Fig.7, Fig.8, Fig.9 and their contour
shapes for the value of the fractional parameter ¢ = 0.99, @ = 0.95 and @ = 0.90 respectively of soliton (4.13).
In this analysis, we examine that, the nature of figures are changed (see in Fig.7-Fig.9) when the values of

fractional parameter changed.

The outlines of the wave solution (4.19) for diverse values of fractional parameter « are:

-

Figure 10: Plot of 3D design and contour shape of (4.19) which is brether type soliton forp = 0.0, =r =h =
—1,m=2,a =.95.

Figure 11: Design of 3D shape and contour plot of (4.19) which kink shape soliton forp = 0.0,g =r=h =
—1,m=2,a=.90

10
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Figure 12: Plot of 3D design and contour shape of (4.19) which is a breather type soliton forp = 0.0,q =r =
h=-1,m=2,a =.80.

From the above figures (Fig.10-Fig.12) for the solution (4.19) we analysis that, the shape of the soliton (4.19) is
kink shape soliton (see Fig.10-Fig.12) for the value of fractional parameter ¢ = 0.95, a = 0.90and a =
0.80 and the contour shape of this soliton for the similar value is depicted at t = 0 (seeFig.10-Fig.12). But,

when the value of avaries with respect to time, the shape of these 3D figures are changed (see Fig.10-Fig.12).

The outlines of the wave solution (4.24) for different values of fractional parameter « are:

ITEEEEa

Figure 13: Design of 3D shape and contour plot of (4.24) which is a periodic solitonforp =r = 1.1,m =
1,a =.99.

-
-
1=
-
-
-
) —

Figure 14: 3D and contour shape of (4.24) which is a periodic solitonforq =0, p=r=11, m=1,a = .95.

ImEREEa

Figure 15: Design of 3D and contour shape of (4.24) which is a general solitonforq =0, p=r=11,m =
1,a = .9.

From the above graphical analysis, we draw the 3D plot as, Fig.13, Fig.14, Fig.15 and their contour shapes for
the value of the fractional parametera = 0.99, @ = 0.95 and @ = 0.90 respectively of soliton (4.24). Here, we
examine that, the nature of figures are changed (see in Fig.13-Fig.15) when the values of fractional parameter

changed.

The attained solutions of considered model are might be supportive to exemplify the internal mechanisms of the
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corporeal phenomena associated with the considered model. All of our obtained solutions involve various
traveling wave solutions which might be disclose various novel properties of complex incidents in different
fields such as nuclear physics, plasma physics solid-state physics, optical physics, atomic physics and more. The
solutions are derived involving to trigonometric, hyperbolic, rational and exponential functions. We also

observe that, the solutions carry different nature of familiar shapes of soliton.

4.2. Comparison of the attained solutions

In this section, we have compared the exact travelling wave solutions of the space-time fractional Phi-four
model obtained through the auxiliary equation method with those solutions obtained by the generalized (G'/G)-
expansion method. It is noteworthy to observe that the obtained solutions are suitable, efficient and further
general. The established solutions might be useful to analyze the physical significance for the mentioned

equations.

Roy and his colleagues [37] examined the space-time fractional Phi-four model and obtained only nine solutions
(see Appendix A) by applying the generalized (G'/G)-expansion method. We detect that some of our obtained
solutions are identical to the Roy and his colleagues solutions and some are different. In Table 1, we compare

the solutions examined by the two methods:

Table 1: comparison of the solutions examined by the two methods.

Solutions obtained by the generalized (G'/G) - Solutions obtained by the auxiliary equation method
expansion method

1u1_+«’QZ+4S1ptanh(\/3f) Lo ,0=—Q2—451/J,q2—4pr—1p2,§ ¢, then
_ p /e
v == QZ+4S¢tanh(2wf>
— 2 2
J
thenv, = + Q2+451p coth (ﬁ E)
T = —0>? — =L = =
3.u; = Fi fQZ Lt («/_E> 3. Ifp Q% —4Sy,q* — 4 pr e & = @ then v,
e, (fF )
+i Q2+4swtan( 3
A, = +i ,Qz L e («/_§> 4. If p = —Q? — 45y, ¢* —4pr—ﬁ,f=<p,then v, =
. (T )
+i QZHchot( &
1
5.1y = 0 {- Q+2\/_tanh( £)} 5. If Q=0vVA=—Z,y*=q¢"-4p’i=9
then v;, = +JQZT{ Q + 2vA tanh (% £))
6.4 = £ 7= {0 + 2VBcoth (55} 6. If Q=0VA=-l Y=g -4pii=gp
then v, = iJ{ng{ Q + 2VA coth (%f)}
—0 —2i v-a 7.1f0 = 0,V/A= —=, Y2 =q?> +4p% & = @, thenv; =
Tu +W{Q 2ivAtan (57¢)} (f VA= -2, ¥ ﬁ_A p*,§ = ¢, then v
- QZ+4A{_Q_2h/Ztan(Tf)}
— 1
8, u9=+m{ Q+2i\/Zcot(%§)} 8.11Q = 0,VA= —=, Y2 = q* +4p%¢ =, then v =
TR {—Q—Ziﬂcot(ﬂf)}
— JQZ+4A P
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By applying auxiliary equation method, we have determined twenty one solutions. In the above table, we have
noticed that the solutions u, — u, and u, — uy Obtained by the generalized (G'/G)-expansion method and the
solutionsv; — v, v4;andv,,0btained by auxiliary equationmethod are identical. Also, the obtained solutions
V; — V19, V13, V14, V2g, Vo1 DY the auxiliary equation method are identical with the solutions u; — u, and ug — uq
obtained by the generalized (G'/G)-expansion method (for simplicity, these results are not shown in the table).
The only one solution ugobtained from the generalized (G'/G)-expansion method is not identical with our
established solutions. In addition of the above table, we have obtained some other valuable

solutionsv, g, V44, V17, V15 @ndv, o Which are not found in the Roy and his colleagues solutions.

Therefore, comparing between the obtained solutions and the solutions obtained by Roy and his colleagues
solutions, we might conclude that our attained solutions are practically and further general and give many

solutions than Roy and his colleagues obtained solutions.

5. Conclusion

In this article, the enhanced auxiliary equation method (AEM) has successfully utilized and examined broad-
ranging, distinctive, fresh and more general traveling wave solutions to the important space-time fractional Phi-
four (PF) model. The attained further general and new stable wave solutions which are not reported in the
previous literature and these solutions are ascertained as the combination of exponential functions, hyperbolic
functions and trigonometric function associated with several free parameters and provides better solutions than
other method likely, the generalized (G'/G)-expansion method. The significance of the solutions established
with free parameters can be important to explain the tangible phenomena. The devised algorithm is effective and
can be used to unravel other nonlinear models in mathematical physics and engineering. The employed method
could be implemented to other kinds of fractional differential systems to investigation the range of stability and

applicability and this is the apprehension of more research.
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Appendix-A

The solutions of Roy and his colleagues [37], investigated the generalized (G'/G)-expansion method for the

space-time fractional Phi-four model are scheduled as follows:

p
u =+ insw tanh (gf) (A1)
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u, =+ sz4s S coth (gf) (A.2)

uy = Fi | L tan (%"5) (A3)

Uy = i \/@ cot (%" s) (A4)
us = + Jﬂw(ﬁ) (A5)
Ug = + @{—Q + 2v/Atanh (fp—z 3) (A.6)
u; =+ @{—Q + 2+/Acoth (%f)} (A7)
ug = + @{—Q — 2iVAtan (% £)} (A8)
g = 2—t—{~0Q + 2iVAcot (?f)} (A.9)
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