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Abstract 

A mixture amount experiment (MAE) is a design that depends on the proportions of the ingredients and the total 

amounts. The classical MAE contains the classical mixture experiment on each total amount. Consequently, 

complete randomization is challenging to implement in MAE, so a split-plot design approach was proposed. In 

the MAE, the whole plot factor is the total amount of mixtures, while the subplot factor is the composition of the 

ingredients. Another problem in the MAE is if the number of ingredients and total amounts increase, the number 

of runs increases. The split-plot design with an optimal design approach was proposed. The study aimed to 

develop a point-exchange algorithm with a split-plot design approach. The case study used is a mixed design 

consisting of three ingredients and two total amounts of mixtures. The results obtained are that the algorithm 

compiled in this study produces optimal design points, namely the edge points in the design region. 

Keywords: D-optimal; mixture amount experiment; split-plot design. 

1. Introduction  

Experimental design is a series of tests to observe and identify changes in the response output caused by 

changes in the input variables of a process [1]. Experimental designs are widely used in the industrial sector, 

which determines formulations in producing a product. A design that can be used for the formulation is a 

mixture experiment. The mixture experiment is a design that involves two or more components blended with the 

same or different proportions [2].  
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The response of a mixture experiment depends only on the proportion of ingredients and not on the total amount 

of components. This condition is usually met in practice by keeping the entire components in all blends fixed. In 

some cases, the optimal compositions differ among different total amounts. The design that involves the total 

amount of the mixture is called the Mixture amount Experiment (MAE). The response is assumed to depend on 

the proportion of ingredients and the total amount of the mixture [3]. Reference [2] discuss producing complete 

and fractional designs in constrained and unrestricted for MAE. This study uses a model that explains the effect 

of amount on the blending properties of components by considering the regression coefficient of the usual 

mixture models proposed by [4]. In addition, Reference [5] developed a new model with a smaller number of 

parameters in the mixture amount experiment based on the A-Optimal and D-optimal criteria for estimating the 

model parameters. 

In the MAE, the composition of the mixture is carried out on each total amount of the mixture. This situation 

has a consequence that complete randomization is hard to implement. The approach that can use is the split-plot 

design, which is a design that arises when structural randomization cannot be carried out [6]. In the Mixture 

amount experiment, the whole plot factor is the total amount of mixtures, while the subplot factors have the 

compositions of the mixture experiments. The use of split-plot modification in mixture experiments has been 

studied by [7], who researched the mixture process variable split-plot (MPVSP). The MPSVP design performed 

limited randomization between the mixture components and process variables. 

The total amount of mixture variable can cause the experimental unit to increase, resulting in increased 

production costs. An alternative solution to handle this situation is an optimal design. Optimal design is part of 

an experimental design that is more flexible in building a design according to actual conditions. Creating an 

optimal design is based on a specific optimality criterion [8]. In this study, the optimal design criterion to be 

used is the D-optimality criterion, which is a criterion that emphasizes the quality of parameter estimates by 

maximizing the determinants of the information matrix [9]. An algorithm is needed to build the optimal design 

[10]. One of the algorithms is a point-exchange algorithm. The point-exchange algorithm is an algorithm that 

aims to improve the starting design by removing or adding points to the starting design. Reference [11] used a 

point exchange algorithm in a split-plot design. They applied it to the case of protein extraction experiments 

with the number and size of main plots using the D-optimality criterion. In this research, the point-exchange 

algorithm was proposed to obtain the D-Optimal design using a split-plot approach. To evaluate the designs, the 

optimal design was compared to the design from the coordinate-exchange algorithm, which already been 

implemented in the commercial software.  

2. Methodology 

2.1 A Practical Example 

The case study consisted of three mixture components (𝑥1, 𝑥2, 𝑥3) and two total amounts: 50 grams and 150 

grams. In addition, the case has a constraint function, namely the upper limit for each ingredient (Table 1). 

Figure 1 shows the constraints on each composition in the design region for each total amount of mixture. The 

design region is a triangular region but a part of a whole simplex. 
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Table 1: Constraints of each ingredient 

ingredient Constrains 

1
st 𝑥1 ≥ 0.1 

2
nd 𝑥2 ≥ 0.1 

3
nd

 𝑥3 ≥ 0.6 

X1

0,1

0,3

X2
0,3

0,1

X3
0,8

0,6

   

X1

0,1

0,3

X2
0,3

0,1

X3
0,8

0,6

 

Figure 1: The design region of the mixture amount experiment for (a) 50 gram (b) 150 grams 

2.2 Analysis Procedure  

To construct a D-optimal design, a point-exchange algorithm was developed. The guideline of the point-

exchange algorithm for MAE with split-plot approach was outlined below: 

1. Determine the assumption of the model mixture amount experiment. This paper used the mixture 

model, which was proposed by Piepel and Cornell (1987). The model involves the mixture and total amount 

variable model, and it is written as: 

𝑦𝑖 = 𝛽1
0𝑥1𝑖 + 𝛽2

0𝑥2𝑖 + 𝛽3
0𝑥3𝑖 + 𝛽4

0𝑥1𝑖𝑥2𝑖 + 𝛽5
0𝑥1𝑖𝑥3𝑖 + 𝛽6

0𝑥2𝑖𝑥3𝑖 + {𝛽1
1𝑥1𝑖 + 𝛽2

1𝑥2𝑖 + 𝛽3
1𝑥3𝑖 +   𝛽4

1𝑥1𝑖𝑥2𝑖 +

𝛽5
1𝑥1𝑖𝑥3𝑖 + 𝛽6

1𝑥2𝑖𝑥3𝑖}𝐴 + 휀                                                    (1) 

The model involves six parameters of the mixture experiments and the interaction between them and the total 

amount of mixture. In total, there are 12 model parameters 

2. Determine the model of the mixture amount experiment using a split-plot design. The model which 

written in matrix notation is shown below [12]: 

𝒚 = 𝑿𝜷 + 𝒁𝜸 + 𝜺                                                                     (2) 

where 𝑿 represents model matrix 𝑛×𝑝 containing all whole plots and subplots. 𝜷 represents model parameter 

vector 𝑝 ×  1. The matrix 𝒁 represents model matrix 𝑛×𝑏 of matrix zeroes and ones in the entire plot. The vector 

𝜸 represents random effects of the b whole plot, and the vector 𝜺 represents random errors. The assumptions of 

the model are:  

(a) (b) 
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𝛾~𝑁(𝟎𝑏 , 𝜎𝛾
2𝑰𝑏) 

휀~𝑁(𝟎𝑛, 𝜎2𝑰𝑛) 

𝑐𝑜𝑣(𝛾, 휀) = 𝟎𝑛𝑥𝑏  

Under these assumptions, the covariance matrix of the observations, 𝑐𝑜𝑣 (𝑌), can be written as: 

𝑽 = 𝜎2𝑰𝑛 + 𝜎𝛾
2𝒁𝒁` = 𝜎2(𝐼𝑛 + 𝜂𝒁𝒁′)                                               (3) 

where 𝜂 =
𝜎𝛾

2

𝜎𝜀
2  is a measure of the extent to which the same whole plot's observations are correlated and is 

referred to as variance component ratio. The maximum likelihood estimator of the unknown model parameter 𝜷 

in the Equations (2) is the generalized least squares estimator [13] are: 

�̂� = (𝑿′𝑽−1𝑿)−1𝑿′𝑽−1𝒚                                                         (4) 

         with covariance matrix 

𝑐𝑜𝑣(𝜷) = (𝑿′𝑽−1𝑿)−1 = 𝜎2{ 𝑿′(𝑰𝑛 + 𝜂𝒁𝒁′)−1𝑿}−1                                  (5) 

        The information matrix on the unknown model parameter vector 𝜷  is given by 

𝑀 = 𝑿′�̂�−1𝑿 = 𝜎−2 𝑿′(𝑰𝑛 + 𝜂𝒁𝒁′)−1𝑿                                              (6) 

3. Determine the value of  𝜂. Model in the Equations (2) use variance ratio of whole plot and subplot. In 

this case, the variance ratio was set to 𝜎𝛾
2 = 1,5,10 and 𝜎2 = 1 

4. Develop a point exchange Algorithm adapted from Goss and Vandebroek (2003). Steps to construct 

design based on the algorithm are: 

a) Define a list of the candidate set following the cox-direction formula. Let the first component as 𝑥𝑖 and 

other components as 𝑥𝑗, so changes for every component can be calculated [14]: 

�̃�𝑖 = 𝑥𝑖 + 𝛿 dan �̃�𝑗 = 𝑥𝑗 −
𝑥𝑗𝛿

1−𝑥𝑖
                                              (7) 

for 𝑖 ≠ 𝑗 dan 𝑖 = 1,2, …, 𝑝,  𝑝  is the parameter model number. 

b) Determine the number of Whole Plot (b) and subplot (𝑘𝑖 ). As the number of parameters was 12, 

whereas the number of runs was set to 16. 

c) Define a starting design. The starting design was composed of design points which selected randomly 

from the candidate set.  

d) Calculate the determinant of the information matrix and prediction variance from the starting design  
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e) Calculate the prediction variance of the candidate set. 

f) Exchange points on the subplots of the starting design with the points of the candidate set. The smallest 

prediction variance of the starting design was replaced by the largest prediction variance of the 

candidate set.  

g) Step (f) is repeated until it converges or there is no more significant change in the value of the 

determinant 

h) Exchange the levels of the whole-plot factor settings.  

i) Repeat step (h) until no more changes are possible 

5. Repeat Step (4) 5000 times 

6. Save the design that produces the largest value of the determinant of the information matrix 

7. Compare the results of the Point exchange Algorithm with the candidate-set-free coordinate-exchange 

algorithms described in Jones and Goos [6] in the software package JMP 

8. Evaluating the design results 

This study uses an evaluation of the D-efficiency design. The formula to calculate D-efficiency are [15]: 

𝐷𝑒𝑓𝑓 = (
|𝐌1 |

|𝐌2 |
)

1

𝑝
                                                                                 (8) 

where p is the number of parameters in the model, 𝐌1 is the first design information matrix, and 𝐌2 is the 

second design information matrix 

3. Result and Discussion 

Nineteen candidate points were generated using cox-direction based on equation (7) shown in Tabel 2. The 

candidate points in the case can be described geometrically in the design region as Figure 2. The candidate set 

consists of 19 points in each total amount of mixture (50 grams, 150 grams) so that the whole candidate point 

was 19×2=38. The candidate set involves the corner points, the edges points, and the axial points.   

Table 3 shows the results of the D-Optimal design on the mixture amount experiment based on the point-

exchange algorithm.  

The design point value (𝑥1, 𝑥2,𝑥3) indicates the number of mixture proportions for each ingredient, and 𝐴 

indicates the total amount of mixture. The value of the determinant obtained at  𝜂 = 1 was 5.90E-07, 𝜂 = 5 was 

2.55E-08, and 𝜂 = 10 was 6.99E-09, respectively. 
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Table 2: Candidate set of mixture 

No. 
Proportion 

𝑥1 𝑥2 𝑥3 

1 0.20 0.20 0.60 

2 0.10 0.25 0.65 

3 0.20 0.15 0.65 

4 0.25 0.15 0.60 

5 0.15 0.10 0.75 

6 0.25 0.10 0.65 

7 0.23 0.13 0.63 

8 0.10 0.15 0.75 

9 0.10 0.20 0.70 

10 0.17 0.17 0.67 

11 0.30 0.10 0.60 

12 0.15 0.25 0.60 

13 0.15 0.15 0.70 

14 0.10 0.30 0.60 

15 0.13 0.23 0.63 

16 0.10 0.10 0.80 

17 0.15 0.20 0.65 

18 0.20 0.10 0.70 

19 0.13 0.13 0.73 

 

X1

0,1

0,3

X2
0,3

0,1

X3
0,8

0,6

   

X1

0,1

0,3

X2
0,3

0,1

X3
0,8

0,6

 

Figure 2: Candidate Set in each total amount of mixture 

 

 

 

50 grams 

 

150 grams 
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Table 3: D-Optimal design for MAE based on the point exchange algorithm 

Whole 

Plot 

subpl

ot 

𝜂 = 1 𝜂 = 5 𝜂 = 10 

𝑥1 𝑥2 𝑥3 𝐴 𝑥1 𝑥2 𝑥3 𝐴 𝑥1 𝑥2 𝑥3 𝐴 

1 

1 
0.3

0 

0.1

0 

0.6

0 
50 

0.1

0 

0.2

0 

0.7

0 
50 

0.3

0 

0.1

0 

0.6

0 
50 

1 
0.1

0 

0.3

0 

0.6

0 
50 

0.2

0 

0.2

0 

0.6

0 
50 

0.1

0 

0.3

0 

0.6

0 
50 

1 
0.1

0 

0.2

0 

0.7

0 
50 

0.1

0 

0.1

0 

0.8

0 
50 

0.1

0 

0.1

0 

0.8

0 
50 

1 
0.2

0 

0.1

0 

0.7

0 
50 

0.3

0 

0.1

0 

0.6

0 
50 

0.2

0 

0.1

0 

0.7

0 
50 

2 

2 
0.3

0 

0.1

0 

0.6

0 

15

0 

0.2

0 

0.1

0 

0.7

0 

15

0 

0.1

0 

0.3

0 

0.6

0 

15

0 

2 
0.2

0 

0.2

0 

0.6

0 

15

0 

0.1

0 

0.3

0 

0.6

0 

15

0 

0.3

0 

0.1

0 

0.6

0 

15

0 

2 
0.1

0 

0.2

0 

0.7

0 

15

0 

0.1

0 

0.1

0 

0.8

0 

15

0 

0.1

0 

0.2

0 

0.7

0 

15

0 

2 
0.1

0 

0.3

0 

0.6

0 

15

0 

0.3

0 

0.1

0 

0.6

0 

15

0 

0.2

0 

0.1

0 

0.7

0 

15

0 

3 

3 
0.1

0 

0.3

0 

0.6

0 

15

0 

0.1

0 

0.3

0 

0.6

0 
50 

0.1

0 

0.1

0 

0.8

0 
50 

3 
0.1

0 

0.1

0 

0.8

0 

15

0 

0.1

0 

0.1

0 

0.8

0 
50 

0.2

0 

0.2

0 

0.6

0 
50 

3 
0.2

0 

0.2

0 

0.6

0 

15

0 

0.2

0 

0.1

0 

0.7

0 
50 

0.1

0 

0.2

0 

0.7

0 
50 

3 
0.2

0 

0.1

0 

0.7

0 

15

0 

0.1

0 

0.2

0 

0.7

0 
50 

0.1

0 

0.3

0 

0.6

0 
50 

4 

4 
0.2

0 

0.1

0 

0.7

0 
50 

0.2

0 

0.2

0 

0.6

0 

15

0 

0.1

0 

0.3

0 

0.6

0 

15

0 

4 
0.1

0 

0.1

0 

0.8

0 
50 

0.1

0 

0.1

0 

0.8

0 

15

0 

0.1

0 

0.1

0 

0.8

0 

15

0 

4 
0.3

0 

0.1

0 

0.6

0 
50 

0.3

0 

0.1

0 

0.6

0 

15

0 

0.3

0 

0.1

0 

0.6

0 

15

0 

4 
0.2

0 

0.2

0 

0.6

0 
50 

0.1

0 

0.2

0 

0.7

0 

15

0 

0.2

0 

0.2

0 

0.6

0 

15

0 

D-Optimal 5.90E-07 2.55E-08 6.99E-09 
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Figure 3 shows the D-optimal design region for MAE  based on the point-exchange algorithm. The results of the 

D-Optimal design at 𝜂 = 1 𝜂 = 5 dan 𝜂 = 10 have the same structure. If two whole plots are joined, then the 

design is similar to a {3,2} simplex-lattice design in which involves the corner points and the middle of edges 

points. Furthermore, the nice things of the design is each whole plot consists of three or four design points that 

already known the optimal design points in the literature.   

 

(a) 

 

(b) 

 

(c) 

Figure 3: The D-Optimal design region based on the point exchange algorithm with a value of 

(a) 𝜂 = 1, (b) 𝜂 = 5, dan (c) 𝜂 = 10 
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Table 4 shows the designs of the D-Optimal for MAE by the coordinate-exchange algorithm with values 𝜂 = 1, 

𝜂 = 5, 𝜂 = 10, represented in Figure 4.  The D-optimal design points resulting from the coordinate exchange 

algorithm have the same structure as the point-exchange algorithm in Table 2 for 𝜂 = 1, but not for 𝜂 = 5 and 

𝜂 = 10. For 𝜂 = 1, the designs based on the coordinate-exchange algorithm have the points slightly off the 

middle of the edges rather than at the edge centroids themselves. This is because the candidate set of the point-

exchange algorithm only involved the corner points, the edges points, and the axial points.  For 𝜂 = 5 and 

𝜂 = 10, the design points resulted from the coordinate-exchange algorithm were different from the ones from 

the point-exchange algorithm. The designs consist of four different design points. To evaluate the two designs, 

D-efficiencies was used. Table 5 shows the D-efficiencies of the D-optimal MA designs in various η. Based on 

Table 5, the value of D-efficiency < 1 for 𝜂 = 1, 𝜂 = 5, 𝜂 = 10 so that the results of the coordinate-exchange 

algorithm based on the software package JMP on the mixture amount experiment are slightly more efficient 

when compared to the point-exchange algorithm. The D-optimal for MAE of the coordinate-exchange algorithm 

was ± 3% better than the design of the proposed point-exchange algorithm in terms of D-efficiency. Hence, the 

proposed point-exchange algorithm is an alternative algorithm for finding the D-optimal for MAE. In 

conclusion, the coordinate-exchange algorithm resulted the different design from the point-exchange algorithm 

for 𝜂 = 5, and  𝜂 = 10, however the two designs are optimal.  

Table 4: D-optimal design based on the coordinate-exchange algorithms described in the software package JMP 

Whole 

Plot 

Sub 

Plot 

𝜂 = 1 𝜂 = 5 𝜂 = 10 

𝑥1 𝑥2 𝑥3 𝐴 𝑥1 𝑥2 𝑥3 𝐴 𝑥1 𝑥2 𝑥3 𝐴 

1 

1 0.10 0.18 0.72 50 0.30 0.10 0.60 150 0.22 0.18 0.60 150 

1 0.22 0.18 0.60 50 0.10 0.30 0.60 150 0.10 0.30 0.60 150 

1 0.20 0.10 0.70 50 0.10 0.18 0.72 150 0.20 0.10 0.70 150 

1 0.10 0.30 0.60 50 0.18 0.10 0.72 150 0.10 0.18 0.72 150 

2 

2 0.22 0.18 0.60 150 0.10 0.30 0.60 50 0.10 0.10 0.80 50 

2 0.22 0.10 0.68 150 0.10 0.10 0.80 50 0.22 0.18 0.60 50 

2 0.10 0.10 0.80 150 0.22 0.18 0.60 50 0.10 0.30 0.60 50 

2 0.10 0.30 0.60 150 0.22 0.10 0.68 50 0.22 0.10 0.68 50 

3 

3 0.30 0.10 0.60 50 0.30 0.10 0.60 50 0.10 0.10 0.80 150 

3 0.10 0.10 0.80 50 0.10 0.20 0.70 50 0.18 0.22 0.60 150 

3 0.10 0.22 0.68 50 0.18 0.10 0.72 50 0.10 0.22 0.68 150 

3 0.18 0.22 0.60 50 0.18 0.22 0.60 50 0.30 0.10 0.60 150 

4 

4 0.18 0.10 0.72 150 0.22 0.10 0.68 150 0.18 0.10 0.72 50 

4 0.10 0.20 0.70 150 0.10 0.10 0.80 150 0.10 0.20 0.70 50 

4 0.30 0.10 0.60 150 0.10 0.22 0.68 150 0.17 0.23 0.60 50 

4 0.18 0.22 0.60 150 0.20 0.20 0.60 150 0.30 0.10 0.60 50 

D-Optimal 7.64E-07 3.78E-08 9.72E-09 
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Table 5: D-Efficiency Calculation Results 

 

 

 

 

 

(a) 

 

(b) 

 

(c) 

Figure 4: The D-optimal design region based on the coordinate exchange algorithm with a value of 

variance ratio of whole plot and 

subplot 
𝜂 = 1 𝜂 = 5 𝜂 = 10 

Point Exchange algorithms (M1) 3.17E-17 3.85E-19 7.10E-20 

Coordinate exchange algorithms (M2) 4.80E-17 6.83E-19 9.25E-20 

D-efficiency 0.966 0.953 0.978 
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 (a) 𝜂 = 1, (b) 𝜂 = 5, dan (c) 𝜂 = 10 

4. Conclusions  

The point-exchange algorithm developed was successful in finding the D-optimal for MAE with a split-plot 

approach. Although the resulted designs are different, but the design from the point-exchange algorithm was as 

efficient as the one of the coordinate -exchange algorithm already implemented in commercial software.  
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