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Abstract

The spread of Covid-19 is a serious global health problem, as well as in Indonesia. Mathematical modelling is
one way to see how the spread of the Covid-19 disease is developing. Model used in this article is SVEIR
models. In this article, we discuss the stability of the disease-free fixed point using the Routh Hurwitz criteria,
while the stability of the endemic fixed point is examined using the Castillo-Chaves and Song theorems. It is
confirmed that the disease-free fixed point is locally asymptotically stable if the basic reproduction number is
less than one. In addition, the local asymptotically stable endemic fixed point if the basic reproduction number is
more than one. Sensitivity analysis is performed to determine the parameters of the model that are most
sensitive to the system. The results of numerical simulations show that the biggest influence on dynamics of
spread of the disease is the contact rate of the spread of the disease.

Keywords: Covid-19; stability; sensitivity analysis.
1. Introduction

Covid-19 is one of the infectious disease identified in December 2019 in Wuhan, the capital city of Hubei,
China. It was caused by severe acute respiratory syndrome coronavirus 2 (SARSCoV-2) which then spread
throughout the world [1, 2]. Covid-19 occurs because of interactions that occur between agents, in this case the
virus can be transmitted from human to human and has spread widely.

* Corresponding author.
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On March 12, 2020, WHO declared Covid-19 a pandemic [3]. As of January 16, 2021, the total number of
confirmed cases of Covid-19 in the world was 91.286.091 cases, 1.986.871 people died and there are 25.127.534
active cases [4]. Like China, this virus is also spreading in Indonesia. Indonesian data on January 16, 2021
showed that there were 14.224 new cases of Covid-19, bringing the number of Covid-19 cases in Indonesia to
reach 896.642 people, as of the announcement of the first patient on March 2, 2020 [4, 5]. Covid-19 in
Indonesia is very worrying where every month the number of infected people is increasing. Therefore, many
researchers are interested in studying the transmission of the Covid-19 disease, so that its spread can be

prevented or stopped, especially using mathematics.

Mathematical model is an abstract representation of a phenomenon that is built using equations to generate a
general perspective of an epidemic event by investigating each influencing factor [6]. One of the problem that
can be solved using mathematical model is models of the spread of Covid-19. Mathematical models can also
help make it easier to find solutions in dealing with Covid-19. The basic model in endemic is the SIR model
(Susceptible, Infectious, Recovered) which was introduced by Kermack and McKendrick in 1927 [7].
Furthermore, due to changes in model assumptions, they will change into the SEIR (Susceptible, Exposed,
Infectious, Recovered), IA (Infectious, Aids), and SIS (Susceptible, Infectious, Susceptible) [8]. Diagne [9]
studied the SEIR model on the spread of Covid-19 involving two groups of infections distinguished by
symptoms, vaccination, treatment, and reinfection. The same analysis also done by Sasmita [10] whose model
adds the assumption that there is an effect of misdiagnosis due to tool errors. Therefore, it can be concluded that
several factors that influence the spread of Covid-19 are the presence of undetected cases of infection and
sanitary conditions and infections with different symptoms from people who have been hospitalized [11],
effectiveness and impact of vaccination [12], death [13], quarantine [14], and misdiagnosis [10]. The study in
this article uses the SVEIR model which considers infected people with symptoms and infected without
symptoms, vaccination, treatment, and reinfection [9, 10] and considers misdiagnosis [10]. This article discusses
the stability of the fixed point on the SVEIR model and performs numerical simulations based on the analysis of

the sensitivity of the model parameters.

2 Model Formulation

Suppose the population consists of six compartments, namely the susceptible human population S, the human
population exposed to E, the infected human population without symptoms I, the human population infected
with symptoms I,, the human population that is cured R, the human population vaccinated against V, with

assumption:

1) The population is infected with Covid-19, which is divided into two based on symptoms, namely, the
presence of symptoms and the absence of symptoms.
2) There is a tool error that causes a misdiagnosis.

3) Vaccinated susceptible human populations are likely to be exposed.

From the assumptions above, the spread of Covid-19 can be illustrated in the compartment diagram in Figure 1.

343



International Journal of Sciences: Basic and Applied Research (1JSBAR) (2022) Volume 65, No 1, pp 342-352

v

Th.' —> F.E' I }"IIL
I 1
e
vs w Vi +w, Vi phyt Lo
vahi
i)
—] 5 e o1
S 51+ 0,51, E I J B .
us G130 +az8l; 5 =
' uE py L+l
8.1,
iR

Figure 1: Compartment Diagram on Covid-19 models.

Based on Figure 1, the mathematical model has the form:

as
% =A+ OR + 9212 - 0(1511 - azslz —vS — HS

dv

E =vS — (D]_VI]_ - (,02[/12 - ﬂV

dE
E = 0(1511 + azslz + (1)1[/11 + (,l)zvlz - ‘BE - pE - HE

(1)
dl,

dt = pE —yilh —y. Ly —uly — uily
dl,
o BE + vyl — 011, — 0,1, — (u+ py)l,

dR
E = ]/111 + 9112 —6R — HR

The total population is acquired by totaling the six equation, (N =S+V+E+L+L+R 2= L—\) where all

parameters are positive and constant. The parameters used in equation (1) are shown in Table 1
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Table 1: Description of Parameters on Covid-19 models.

Symbol  Description

A Natural birth rate
u Natural death rate
Uy The death rate due to human disease

a; Contact rate with no symptom
a, Contact rate with symptom

v Vaccination rate

B The rate of disease transmission
1) Reinfection rate

Y1 The rate of the group recovering due to the presence of immunity
Y2 The rate of a group of asymptotic carriers being reported

6, Proportion of recovered individuals

6, Proportion of individual errors recovered

o The rate of contact of vaccination individuals with no symptom
W5 The rate of contact of vaccination individuals with symptom

3. Result and Discussion
3.1Dynamics Properties
A vA

The disease-free fixed point of equations (1) is: T°(S,V,E,I,,I,,R) = (—

, ,0,0,0,0) while the endemic
vp p(v+p)

fixed pointis T*(S,V,E, 1,,1,,R) = (S*,V*, E*, I], I3, R*) with

6 R*§+150, +A = E*p
v+ Lo+ Ga, +p Yyityatpty
. S*v I = E*'B + 11y,
pu+ Lo +Lw, 0 +0, +u+y
. LS*ay + 13S0, + BV w0, + BV w, Rt = Liy: + 1591'
B+u+p o+u

The basic reproduction number is determined using the next generation matrix, where the basic reproduction

number is the dominant eigenvalue of G = FV~! where

0 aS%+w,V°0 8%+ VO kpy 0 0
F=1o0 0 0 s V=|-p ko 0]

0 0 0 B Y2 ks
with:
ki=B+u+p
ky=vi+tva+tu+m
ks =0;+0,+u+p,.

The basic reproduction number is
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R o= ARz B (azpt + vwy) + p(ksoyp + az v, + K3vwy + vy,w,))
° kikokzp(v + 1) .

The following is the stability theorem of the disease-free fixed point and the endemic fixed point based on the

value of the basic reproduction number.

Theorem 1: The disease-free fixed point T° in equations (1) is locally asymptotically stable if R, < 1 and
unstable If Ry > 1

Proof.

Stability of the disease-free fixed point can be determined by linearizing the system at (T°). The Jacobi Matrix

is obtained as follows:

[k11 0 0 kiy ks k16]
[k21 k2o O kyy kys O |
_10 0 k33 kg kzs O
Jr°=10 0 ky ke O O
0 0 0  kes kes kes
with;
kjin =-v—p; ka2 = —u; kss = a;S° + w, VO kss = =01 =0, —p— y;
k14 =—-a; SO; k24_ = —leO; k43 =pP; k64— =Y
kis = —a,S°; kos = —w,V; kas=—=v1—v2 —u— g kes = 6y;
kie = 6; kss =—B —pu—p; kss = B; ke = —u— 6.
ko1 =v; ks = ;5% + w, VY Kksa =72

Determination of the eigenvalues can be obtained by |/ ;o — AI| = 0 so that the equation is obtained:

(k11 = A (ka2 = D(kee — (A + 122 + 31+ ¢3) = 0.

From the equation, there are six eigenvalues with three negative eigenvalues, namely, 4; = —v —u, 1, =
—u, A3 = —u — &, while the other three eigenvalues are obtained by solving the following characteristic

equation with the following Routh-Hurwitz criteria:
(/’{3 + (:1/12 + Cz/’{ + 63) = 0

with
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Cl =k1+k2+k3,
€3 = kiky(1 — Roz) + kik3(1 — Ro1) + koks,
3 = kikoks(1 = Ry) .

Because all positive parameter values, then ¢, ¢,,c; > 0. In accordance with the Routh-Hurwitz criteria, with
the condition that R, < 1, it can be concluded that the equation will have negative eigenvalues. This indicates

that the disease-free fixed point will be locally asymptotically stable.
Theorem 2: The endemic fixed point T* in equations (1) is locally asymptotically stable if R, > 1
Proof.

The proof uses the Castillo-Chaves and Song theorem [15]. Let ¢ = a,be the bifurcation parameter. Based on

Ry = 1litgives

. kikoks — kB(S%a, + VOw,) — pS°ayy, — pksV o0, — py, 0,
pks .

a =@

The fixed point T? has six eigenvalues if R, =1 or a; = ¢*. The eigenvalues have right eigenvectors
(uq, Uy, Us, Uy, Us, Ug) and left eigenvectors (vq, vy, v5, 14, s, V) that are related to each other. The right

eigenvector A = 0 is obtained by solving the equation (J;o — ADu = 0.

Let u, > 0, it gives

2 (—a; S°) (—a,5°) 4
Uz =—uy, >0, U = — Uy — Ug — Ug <0
p (vt (vt (v °
Bk Vz)
Us = (—+—)u, >0,
5 (k3p k3 4 v —w1V0 —wZVO <0
Uy = ——Uy — Uy — u ,
2 —u 1 —u 4 —u 5

_ Y1 _ 0,
Cu—08""(—u-10)

Ug = ug > 0.

The left eigenvector A = 0 is obtained by solving the equation (J;o — AI)Tu = 0
Let vs > 0, gives

J21 Jj1e

jzzvz =0,SOU2:0, U1=—,—U2=0;U6=—,—U1=0
J11 Je6
-9, — 60, —u— B (=B-1-p)
173:_( 0,—0,—nu /11)1]5>0; v4=—;175—f173>0.
;S0 + w, VO

Let
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xl ZS;XZ ZV;X3 =E;X4 =Il;x5 212;x6 =R,
then

dxq
fi= e A+ 8xg + 0,x5 — Px1x4 — QX X5 — VX — UXyq,

dXz
fo= e - VX1 T 01Xp Xg — W2XpXs — UXp,

_ dxs

—o T QX1 Xy F WX X5+ 01XpX, + WXpX5 — fX3 — pX3 — fiXs,

fs

dxy
fa= Tt PX3 T V1Xe T VX T WXy T Hy Xy,

de

fs === Bxy + Vx4 + 8xg — O1x5 — 005 — (1 + Py )xs,

dx

fe = d_: = y1X4 + 01Xs — 6xg — UX.

Based on the equation obtained partial derivative

0% f; 0% f;
—(T% ¢*) = ——=(TY% ¢*) =
axm( P*) =, ax1x4( ) =@
0%f; 0%f;

TO *) — —_ TO *) =
axzxs( JP) (V) axlxs( ;(,0) 0!2
Therefore:

0%f; 0%f; 0°f; X
a = V3lyUy —— ox, (TO,(p ) + v3uUyUus —— o, (T0,<p )+ vsu U, —— Fp (Ty, @*)
1 4—

8% f. X
+V3U U5 vlss (To, ™).

0%fy 0%fs 0%fs
b = v3u, axlrp( 0 @)+ v3u, 0x4(p( 0 @) = v3U, 6x4(p( @)

with us, uy, us,v3 >0andu, <0soa<0andb >0

The values of a and b obtained with a < 0 and b > 0 are in accordance with case 4 of the Castillo-Chaves and
Song theorem [15]. As a result, when changes from ¢ < ¢*(Ry < 1) to ¢ < ¢* (R, > 1), the unstable endemic
fixed point T* changes from negative to positive and locally asymptotically stable. So it is proven that if R, > 1

then the endemic fixed point T* is local asymptotically.
3.2Numerical Analysis

Numerical simulation is carried out with the parameter values presented in Table 2.
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Table 2: Parameter Value on Covid-19 Model.

Value
Symbol Ro<1 Ry >1 Reference
a, 0,0104 0,0104 [10]
a, 0,0731 0,0731 [10]
v 0,0002 0,0002 [14]
B 0,4 0,4 [10]
u 0,006567 0,006567 [14]
Y1 0,075 0,075 [10]
Yz 0,036 0,036 [10]
A 0,9629 0,9629 [16]
P 0,0285 0,0285 [11]
w, 0,00047 0,00047  [14]
w, 0,00334 0,00334  [14]
A 0,01755 0,01755  [17]
ul 0.087 0.0002211 [10, 18]

Parameter values will be used to perform numerical analysis, where the initial value for each sub-population is
S(0) = 0.993,V(0) = 0.762, E(0) = 0.052, ,(0) = 0.036, L,(0) = 0.125, R(0) = 0 [20, 21].Furthermore,
we also analyze the sensitivity of the parameters to the basic reproduction number (R,). This sensitivity analysis
was carried out to find out how much influence each parameter has on R,. The following is the result of the

sensitivity value at R,,.

Table 3: Sensitivity Index.

Parameter  Sensitivity Index

a +0,008163
a, +0,990446
v —0.028165
B +0,051288
Y1 —0.018664
Y, 0.012179

W, +0.000011
W, +0.001379

Table 3 gives parameters that have a significant influence on R, are a, and p. Meanwhile, a, is contact rate
with symptom from susceptible to expose. The positive sign on the sensitivity index means that if the parameter
value is increased, then the R, value will be increased. Conversely, a negative sign on the sensitivity index
means that when the parameter value is increased, R, will also decrease. The effect of contact rate (a,) on
dynamics the spread of the Covid-19 disease.

Table 4: Contact rate (a,) effect on R,.

Parameter a, Ro
0,07305 1,83757
0,05113 1,29157
0,02922 0,74556
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Figure 2: The dynamics of population due to changes in the value of a,.

Figure 2 shows that if the a,value is lowered, the proportion of the infected human population will decrease
because fewer individuals are in contact with the infection, as a result, the infected individuals will be smaller as
well. The proportion of the susceptible human population that has contact with infected people can affect the
proportion of the infected human population to decrease, even experiencing extinction when a, = 0.02922. As
a result of no spread, the number of deaths will decrease and result in an increase in the number of vulnerable

populations.

4. Conclusion

SVEIR model has been used in modeling the spread of the Covid-19 disease by considering two infected
individuals, namely with symptoms and without symptoms. This model also considers vaccination in susceptible
human populations and considers population immunity. In this modified model, there are two fixed points,
namely a disease-free fixed point that is locally asymptotically stable when R, < 1, and a disease-endemic
fixed point that is locally asymptotically stable at conditions R, > 1. The results of the simulations carried out

show results that are in accordance with the theorem.

Sensitivity analysis that produces the largest sensitivity index value is the transition rate parameter to the
dynamics of the spread of disease, quarantine, vaccination effectiveness, and the effect of body immunity in
each population. Therefore, these three parameters have a big influence on R,. The value of R, is also
influenced by several parameters but does not have a significant effect such as the rate of quarantine causing
death, however this rate must also be suppressed so as not to affect the dynamics of the disease. The numerical
simulation also shows that the biggest influence on the dynamics of the spread of the disease is the transition of
the spread of the disease. Therefore, every population must maintain or at least reduce contact with individuals

is an effective measure to prevent the spread of Covid-19 disease based on this model and analysis.
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