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Abstract

This paper investigates heterogeneous and homogeneous parallel queue systems with heavy traffic. The steady-
state probabilities are obtained in M /M /n queue systems with heavy traffic when the number of customers in
the system is larger than the number of parallel service channels of the system. The steady-state probabilities are
ignored when the number of customers in system at any given time is smaller than the number of service
channels since these probabilities are very small. Similarly, heavy working M/M/n gueue system is analyzed
ignoring the steady-state probabilities when the number of customers in system is smaller than the number of
service channels. In heavy working M /M /n and M/ﬁ/n queue systems it is shown that both systems have
same performance measures and none of these two queue systems have advantages against each other under

condition py + pp + -+ u, = c.

Keywords: Queue systems; Steady-state distrubition; Poisson arrivals; Markov chains; Homogeneous service
channel; Heterogeneous service channel.
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1. Introduction

Waiting for a service such as at restaurants, hospitals, shopping malls, traffic or in storage processes, is a part of
daily life [4]. There are many studies in literature considering queue systems with parallel service channels. [8]
Investigated blocked Markov queue system with two heterogeneous service channels. In [5] the author analysed
a two channel queue system with waiting line in which the arrivals are Poisson distributed and service times of
the channels are different. On the other hand departures in M /M /n queue system are studied in [1]. Queueing
system with heterogeneous service channels firstly studied by [2], in this study the steady-state probabilities of
the system are determined. Reference [9] showed that M/M /1 queue system with service parameter nu works
better than M /M /n system with service parameter u. The M /G /n/0 queueing system with loss probability and
general service distribution is analysed by [6], in this study the loss probability of system is minimized. In
another study, Reference [7] compared the homogeneous M /M /n systems with heterogeneous M /1\7 /n systems
and showed that homogeneous system works faster than heterogeneous system when the total service capacity is
fixed. In this paper M /IW /n queueing system is analysed and performance measures of the system are obtained
when the traffic is heavy (number of arrivals are greater than the number of departures). It is shown that
performance measures of a heavy traffic M /1\7 /n queue system are constant when the total service capacity is

fixed. Also the results of analysed heavy traffic queue system are evaluated.
2. The Analyze of M/M “/n Queue System

2.1. Definition of the System

M/1\7i/n queue system is consisted of n service channels numbered as 1,2, ..., n. The arrivals are according to
Poisson distribution with parameter 1 and the service time of k" service channel is exponentially distributed
with parameter y;. Since the mean service time of each service channel is different, this queue system is
heterogeneous. The inter-arrival time and service time are independently distributed random variables. A new
arriving customer chooses one of the available service channel with equal probabilities. If all service channels
are busy the customer waits in queue according to the FIFO (first in first out) discipline. The number of

customers in queue can be countable-infinite and the source of arrivals is infinite.
2.2. Steady-state probabilities of M /ﬁ/n queue system

The steady-state probabilites of M /1\7 /n system is given as follows:

(n —k)!
(poTz Piy " Piy Py, sk <n

= _ 1
pk i ,01 . p2 ."pn (£>k n . k - . ( )
Po — . \c s K=

where y; is the service time of the i service channel, 4 is the arrival rate and p; = A/y; is the traffic density of

the queue system (Shahbazov, 1996).
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In equation (1), E, = Ej (01,02, -, Pn ) IS @ k —symmetric function and defind as,

Ey = Z Piy " Piy Py

Qkn

in which Qy, is a set of k variables out of n service channels iy, i,,..,ix; 1 <i; <+ <ip <n. The py

probabilities in equation (1) are written in terms of E;, as following:

(n—k)!
Po——Ek sk <n
P = En k-n k-n
1P "Po = Pnp sk=n
where,
n—1
1 1 E,
— - Z(n—k)!Ek+ 3)
Po M| 1-p
[71.

Let p,, be the probability that the service channels are busy. Then,

1 n
p—=1+(1—a)k2=1k!ek 4

w
under condition u, + y, + -+ u,, > A. Also the inequality,

pPr<pw<p Q)

where

_ A _l
P ¥t —tp,

holds [7]
In equation (4),
er = ey (“1//1'#2//1' _"’Mn//l)
is a k —symmetric function (Mitrinovic, 1970).
2.3. Finding the parameters of the system M/ﬁ/n

Let E(¢,), E(w) and E(w,) be the mean number of customers in queue, mean waiting time in queue and mean

407



International Journal of Sciences: Basic and Applied Research (IJSBAR)(2016) Volume 30, No 4, pp 405-411

waiting number in the system, respectively. Using p, probabilities we obtain these performance measures
(E(Eq), E(w), E(wq)) in terms of p,, as following:
p

E(&,) =PwT=, @)

1 1 2 w
B(w) = 7E(0) =775 Pw = 2 ®)

Pw " n ©)

Ew) = E(Wq) +EMm) = -0 ¢

where 7 is the service time.

3. Parallel M/ﬁ/n Queue System with Heavy Traffic

In queue systems with heavy traffic, the number of customers (k) is greater than the number of service channels
(n). In other words there always exist a queue in the system, hence a new incoming customer has to wait for
service. Considering the steady-state probabilities of this queue system, the probability that the number of

customers (k) is smaller than the number of service channels (n) is ignored.

3.1. Definition of heavy traffic M/Il_i/n gueueing system

In this queueing system the inter- arrival times exponentially distributed with parameter A and the number of
service channles in the system is n; n = 1. The service time of these channels are exponentially distributed with

means u;' k = 1,2, ...,n respectively.
3.2. Finding steady-state probabilities of M/ﬁ/n queueing system

In M/M/n queueing system with heavy traffic the probability that the number of customers is smaller than the
number of service channels is so small, hence the system analyzed considering this probability is zero. If the
traffic density of the system tends to 1 then the probability that the queueing system is empty tends to zero.

Hence the probability that the number of customers is smaller than the number of service channels tends to zero.

1
lim(p,) = lim =0
po1 po1

1 _ E
lm Z:cl:(l)(n_k)!Ek'F nl_l J
Cc

0 k<n

Palp) sz (0

PkE{

408



International Journal of Sciences: Basic and Applied Research (IJSBAR)(2016) Volume 30, No 4, pp 405-411

Y0Pk = XpenPr =1

Z PP =1
k=n

Pn z pem =1
k=n

pn=l-—p=1-

P =p¥ (1 —p) (11)

3.3. Finding performance measures

The mean number of customers in queue is,

Lg=E($) = Z(k — n)pi (12)
k=n
putting the value of p, in equation (12) we have,
c—2

C 2
Ly=E(E) = ) (k=m)(1 - )@ = ——
k=n

In M/M /n system the number of customers in queue has geometric distrubition with parameter p = (1 — p),
hence mean waiting time in queue is:

T IQ
=
I

== 3= (13)
Cc

Let n be the service time. Then mean waiting time in the system is obtained as,

w=w-+n
1 1 1
Ew) = E(w)) + EO) = =5+ i = = o= h o (15)
n
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4, Results

If the heterogeneous system is working in heavy tarffic then E(€), E(¢,), E(w), E(w,) means are fixed and do
not change under condition p; + u, + -+ + u, = c. This result shows that there is no differences in heavy
working queueing systems with n service channels wheter each service channel has the same service time or not.
If ¢ = nu taken then both queue systems have the same performance measures. As a result, making a heavy
working parallel system homogeneous does not increase the efficiency of the system but increasing total service
capacity makes the system works faster.

Table 1: Performance measures of the M / M / m queueing systems.

M /IW /n System (Heterogeneous) M /1\7 /n System (Heterogeneous)
Queue System
Heavy traffic
(. (n—k)! .
_ Po - E, ;k<n 2{0 k<n
(4% 1 o P (A k-n “pa (k™ ;k=n
n! <E) Po ik >n
_ 1
1 _ E =1-
Po i [Bhdn = 0! By + 2 Pn=tmp
c
L a A ~_ P A
1 Pw 1= Pw'c2 T1-p c—21
Pw 1
E(w, ~_
(W) (c=4) (c=2A
Pw n 1 n
EW + - = -
W) (c—=A) ¢ (c=1) ¢

As seen in Table 1, the probability p,, in M/M/n queue system tends to 1 when the traffic density of the system

becomes heavier.
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