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Abstract

In this paper, using the concept of natural density, we introduce the notion of Wijsman rough statistical
convergence of triple sequence. We define the set of Wijsman rough statistical limit points of a triple sequence
spaces and obtain Wijsman statistical convergence criteria associated with this set. Later, we prove that this set

is closed and convex and also examine the relations between the set of Wijsman rough statistical cluster points

and the set of Wijsman rough statistical limit points of a triple sequences.

Keywords: Wijsman rough statistical convergence; natural density; triple sequence.

1. Introduction

The idea of statistical convergence was introduced by Steinhaus [17] and also independently by Fast [2] for real
or complex sequences. Statistical convergence is a generalization of the usual notion of convergence, which

parallels the theory of ordinary convergence. Let K be a subset of the set of positive integers N x N x N, and

let us denote the set {(m,n, k) e K:m < u,n < v,k < w} by K.,

* Corresponding author.
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Then the natural density of K is given by 6(K) = limy,,,, e Kawowl \here |K,,w!| denotes the number of

uvw

elements in K,,,,. Clearly, a finite subset has natural density zero, and we have §(K¢) = 1 — §(K) where

K¢ = N\K is the complement of K. If K; € K, then §(K;) < 6(K3).

Throughout the paper, R denotes the real of three dimensional space with metric (X, d). Consider a triple

sequence X = (Xpnx) SUch that x,,,,x € R,m,n, k € N.

A triple sequence x = (x) IS said to be statistically convergent to 0 € R, written as st —lim x = 0,

provided that the set
{(m,n, k) € N3: |x,1, 0| = €}
has natural density zero for any € > 0. In this case, 0 is called the statistical limit of the triple sequence x.

If a triple sequence is statistically convergent, then for every € > 0, infinitely many terms of the sequence may
remain outside the & — neighbourhood of the statistical limit, provided that the natural density of the set
consisting of the indices of these terms is zero. This is an important property that distinguishes statistical
convergence from ordinary convergence. Because the natural density of a finite set is zero, we can say that

every ordinary convergent sequence is statistically convergent.

If a triple sequence x = (x,,nx) Satisfies some property P for all m, n, k except a set of natural density zero,
then we say that the triple sequence x satisfies P for almost all (m,n, k) and we abbreviate this by a.a.
(m,n, k).

Let (xminjkt,) be a sub sequence Of x = (Xyni). If the natural density of the set K = {(m;, n; k,) €

N3:(i,j, £) € N3} is different from zero, then (xmin].k{,) is called a non thin subsequence of a triple sequence x.

c € Riis called a statistical cluster point of a triple sequence x = (x,,nx) provided that the natural density of the

set

{m,n, k) € N3: |x, — €| < &}

is different from zero for every £ > 0. We denote the set of all statistical cluster points of the sequence x by T,.
A triple sequence x = (x,,,) i said to be statistically analytic if there exists a positive number M such that
5({(m,n, k) € N3: |xynp| /™ > M}) = 0

The theory of statistical convergence has been discussed in trigonometric series, summability theory, measure

theory, turnpike theory, approximation theory, fuzzy set theory and so on.
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The idea of rough convergence was introduced by Phu [8], who also introduced the concepts of rough limit
points and roughness degree. The idea of rough convergence occurs very naturally in numerical analysis and has
interesting applications. Aytar [1] extended the idea of rough convergence into rough statistical convergence
using the notion of natural density just as usual convergence was extended to statistical convergence. Pal and his
colleagues [7] extended the notion of rough convergence using the concept of ideals which automatically
extends the earlier notions of rough convergence and rough statistical convergence. Let (X, p) be a metric space.
For any non empty closed subsets A, A,,,x € X(m,n, k € N3), we say that the triple sequence (Apnx) IS
wijsman statistical convergent to 4 is the triple sequence (d(x, A,ni)) is Statistically convergent to d(x, 4),
i.e., fore > 0andforeachx € X

limmil{m <srm<sk<t|dxAp,) —dx A)| =&} =0.

In this case, we write St — lim, ., Ak = A OF A = A(WS). The triple sequence (Ani) IS bounded if

SUP ik d (X, Apnr) < o foreach x € X.

In this paper, we introduce the notion of Wijsman rough statistical convergence of triple sequences. Defining
the set of Wijsman rough statistical limit points of a triple sequence, we obtain to Wijsman statistical
convergence criteria associated with this set. Later, we prove that this set of Wijsman statistical cluster points

and the set of Wijsman rough statistical limit points of a triple sequence.

A triple sequence (real or complex) can be defined as a function x: N x N X N - R(C), where N, R and C
denote the set of natural numbers, real numbers and complex numbers respectively. The different types of
notions of triple sequence was introduced and investigated at the initial by Sahiner and his colleagues [9,10],
Esi and his colleagues [2-4], Datta and his colleagues [5],Subramanian and his colleagues [11], Debnath and

his colleagues [6] and many others.

Throughout the paper let 7 be a nonnegative real number.
2. Definitions and Preliminaries

2.1 Definition

A triple sequence x = (x;,,x) is said to be Wijsman r — convergent to A denoted by A,,,,, =" 4, provided that

Ve>0 3I(m,ng, k) ENm=m,n=n,k=k,=> limrstél{m <rn<sk<t|dx Anu) —

dx, Al <r+e}=0
The set
LIM™A ={L €R3 A, =" A}

is called the Wijsman r — limit set of the triple sequences.
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2.2 Definition

A triple sequence x = () is said to be Wijsman r — convergent if LIM™ A # ¢. In this case, r is called the

Wijsman convergence degree of the triple sequence x = (Xpnn). FOr r = 0, we get the ordinary convergence.
2.3 Definition

A triple sequence (x,,,) is said to be Wijsman r — statistically convergent to A, denoted by A, =" 4,

provided that the set

1
limrsta [{(m,n, k) € N3:|d(x, Apppi) —d(x,A)| =7+ e} =0

has natural density zero for every € > 0, or equivalently, if the condition
st —lim sup |d(x,Apnr) —d(x, )| <r
is satisfied.

In addition, we can write 4,,,,,, ="¢ A if and only if the inequality

1
limrstml{m Srn<sk<t|dxApy) —dx,A)| <r+e}=0

holds for every € > 0 and almost all (m, n, k). Here r is called the wijsman roughness of degree. If we take

r = 0, then we obtain the ordinary Wijsman statistical convergence of triple sequence.

In a similar fashion to the idea of classic Wijsman rough convergence, the idea of Wijsman rough statistical

convergence of a triple sequence spaces can be interpreted as follows:

Assume that a triple sequence y = (¥mni) 1S Wijsman statistically convergent and cannot be measured or
calculated exactly; one has to do with an approximated (or Wijsman statistically approximated) triple sequence

X = (Xmny) satisfying |d(x — vy, Api) — d(x — y, A)| < r for all m,n, k (or for almost all (m,n, k), i.e.,
1
5 (zimma m<rn<sk<t|dx—y Apy) — dix —y,A)| > r}l) — 0.
Then the triple sequence x is not statistically convergent any more, but as the incluson

limyse — {14, Ammic) — @, A)] 2 €} 2 limyge — (1A (%, Apnie) = dCe, D] 2 7 + £ (2.1)

St St

holds and we have
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1
§ (limmm {(m, n, k) € N [y — U = e}l) =0,

i.e., we get
1
5 (umma m<rn<sk<t:|doAp) — dix A)| =7+ s}l) =0,

i.e., the triple sequence spaces x is Wijsman r — statistically convergent in the sense of definition (2.3)

In general, the Wijsman rough statistical limit of a triple sequence may not unique for the Wijsman roughness
degree r > 0. So we have to consider the so called Wijsman r — statistical limit set of a triple sequence

X = (Xmni), Which is defined by
st — LIM" Apypye = {L € R: Ay 7% A}

The triple sequence x is said to be Wijsman r — statistically convergent provided that st — LIM" A, # @. 1t is

clear that if st — LIM" A, # ¢ for a triple sequence x = (X,,x) Of real numbers, then we have
st = LIM" Ay = [st = lim sup Appe — 1, st —lim inf Apne +71] (2.2)

We know that LIM™ = ¢ for an unbounded triple sequence x = (x,,x). But such a triple sequence might be

Wijsman rough statistically convergent. For instance, define

(_1)mnk’ lf (ml n; k) * (i,j, f)z(i’j’ 'g € N)p
d(x, Apni) = § (mnk), otherwise

in R. Because the set {1,64,739, --- } has natural density zero, we have

o, if r<i,
st = LIM" Ay =1[1 —7,7— 1], otherwise

and LIM™ A, = ¢ forall r > 0.

As can be seen by the example above, the fact that st — LIM" A, # ¢ does not imply LIM" Ak # ¢.
Because a finite set of natural numbers has natural density zero, LIM" A, # ¢ implies st — LIM" A # .
Therefore, we get LIM" A S st — LIM" A, This obvious fact means {r = 0:LIM" A, ., # ¢} S

{r = 0:st — LIM" A, # ¢} in this language of sets and yields immediately
inf{r = 0: LIM™ A # ¢} = inf{r = 0:st — LIM" A # ¢}

Moreover, it also yields directly diam(LIM™ A1) < diam(st — LIMT A )
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3. Main Results
3.1 Theorem

For a Wijsman statistically triple sequence spaces x = (X, ), We have diam(st — LIM" A p) < 2r. In

general diam(st — LIM™ A,,,,;) has an upper bound.

Proof: Assume that diam(st — LIM" A, ) > 2. Then there exist w,y € st — LIM" A, such that |w —
y| > 2r. Take ¢ € (Olwz;y| - r). Because w,y € st — LIM" A, We have 6(K;) =0 and 8(K,) =0 for

every € > 0 where

K, = limrstél{m <rn<sk<t|dCApy) —dw,A)| =7+ e} = 0and

1
K, = limrerHm Srn<sk<t|dlx,Apy) —dy,A)| =r+e} =0.

Using the properties of natural density, we get (K N Ky ) = 1. Thus we can write

lw =yl < |d(x, Apni) — dw, A)| + [d(x, Apnie) — d(y, A)|

<2(r+s)=2<|wz_y|>= lw —y|

forall (m,n, k) € Kf N K5, which is a contradiction.

Now let us prove the second part of the theorem. Consider a Wijsman triple sequence x = (x,,,x) Such that

st —lim A = A. Let € > 0. Then we can write

8 (limyse —I{m < 7,1 < 5,k < £:1d (¥, Api) — d(x, A)] 2 €}]) = 0. We have

st
|d(x, Apnic) — d(y, A < 1d(x, Aie) — d(x, A)| + 1d (v, A) — Ay, Api) | < 1d (X, Api) — d(x, A)| + 7
foreachy € B, (4) = limrsté im<rn<sk<t:|dly, Apnr) — d(x,A)| < 1}.

Then we get |d(y, A) — d(y, Apr)| < 1 + € for each

(m,n, k) € limmél{m <rn<sk<t|dx Apy) —d(x,A)] < €} = 0. Because the triple sequence

spaces A, 1S Wijsman statistically convergent to A, we have

1
5 (limma lm < 7rn<sk<t:]dCeApmy) — d(x, A)] < s}l) -1
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Therefore we get y € st — LIM™ A, ,,.,,- Hence, we can write
st — LIM™ Ay = B, (4).

Because diam(Er(A)) = 2r, this shows that in general, the upper bound 2r of the diameter of the set st —

LIMT A,y is not an lower bound.
3.2 Theorem

Let r > 0. Then a triple sequence x = (X)) IS Wijsman r — statistically convergent to A if and only if there
exists a triple sequence y = (Vyni) SUCh that st — lim  Appr = A and |d(x — v, App) —d(x — y,A)| <1
for each (m,n, k) € N3,

Proof: Necessity: Assume that A,,,,x ="t A. Then we have
st—=1lim sup |d(x,Apnr) —d(x,A)| <. (3.1)
Now, define

A, if |d(x,Apn) —d(x,A)| <,
d(x'A) - d(xlAmnk)
|d(x: Amnk) - d(x: A)l

AW, Amni) = \d(x, Apni) + 7‘( ), otherwise,

Then, we we write

|A - Al: lf |d(xlAmle) - d(x'A)l S r,

_ _ |A_A|_ |d(x:Amnk)_d(xﬁA)|
|[d(y, Amni) — A, D] = | |d(x, Apni) — d(x, A)| +r< 4G, A — dCo, )]

) , otherwise,

0, if |d(x,Appr) —d(x,A)| <,

. d (%, Amnic)—d (x,A .
(18) [0y, Apni) = A, ] = | 1A As) = d e, )] =7 (TR, otherwise,

0' lf |d(xlAmnk) - d(x'A)l < T,
(i.) 1[dy, Apnk) — d(y, A)| = <|d(X, Apnie) — d(x,A)| — 7, otherwise.

We have |d(y, Amni) = d(y, A)| 2 [d(x, Apnie) — d(x, A)| =7 = |d(x, Apnie) — d(x, A) = d (Y, Apnie) +
dy, Al <r

|d(x - y:Amnk)l <r (32)

for all m, n, k € N3. By equation (3.1) and by definition of y,,,x, we get st — limsup|d(y, Ani) — d(y, 4)| =
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=>st—lim A - A
Sufficiency: Because st — lim A = A, we have
8 (limye o lm < 7yn < 5,k < €510, As) = A, A)] = €}]) = 0
for each € > 0. It is easy to see that the inclusion
m<srn<sk<t|dyApy) —d@,A)| = 2{m<rn<sk<t:|dx, Apn) —d(x,A)| =1+ &}

holds. Because & (Limys, — [{m < 7,1 < 5,k < t:1d(Y, Apnic) — Ay, A)] 2 s}l) =0, we get

1) (llmrst m<rn<sk<t|dx,Apnr) —d(x, )| =7+ e}l)

3.3 Remark

If we replace the condition |d(x — y, Apmai)| < 7 for all m,n, k € N3 in the hypothesis of the Theorem (3.2)

with the condition

1
8 (timye—Hm < 7,n < 5,k < 610G = 3, Ayl > 131) =0
is valid.

3.4 Theorem

For an arbitrary ¢ € T, of Wijsman statistically triple sequence x = (x;,.x) We have |A —c| < r for all
A € st — LIM" Ayype-

Proof: Assume on the contrary that there exist a pointc € I, and A € st — LIM" A,y Such that |[A — c| > r.

|A clr

Define e: = . Then

fm<rn<sk<tldx,A)—cl<egc{m<rn<sk<t:|dx Apyx) —dx )| =r+¢c} (3.3

Since ¢ € I, we have
6(llmr5t msrn<sk<t|dl,Apy) —cl < s}) #0

Hence, by (3.3), we get
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8 (limyge —1{m < 7,1 < 5,k < £:1d (X, Apic) — A, A)| 2 7+ €}]) %0,
which contradicts the fact A € st — LIM" A -

3.5 Proposition

If a Wijsman statistically triple sequence x = (x,,x) is analytic, then there exists a non-negative real number r
such that st — LIM™ A, # ¢.

Proof: If we take the Wijsman statistically triple sequence is to be Wijsman statistically analytic, then the of

proposition holds. Thus we have the following theorem.
3.6 Theorem

A triple sequence x = (X, ) IS Wijsman statistically analytic if and only if there exists a non-negative real

number r such that st — LIM" Ak # ©.

Proof: Since the triple sequence x is Wijsman statistically analytic, there exists a positive real number M such
that

1
6(limrsta|{m <rn< sk <t |d, Apn) |/ > M}|) =0.
Define

r' = sup{ld (x, Apni) 1Y/™ K (m, m, k) € K°}, where

1
K= limrsta [{m <rn<s k<t /™™ = M}

Then the set st — LIM™ A, contains the origin of R. So we have st — LIM" A, # ¢.

If st — LIM" A,y # ¢ for some r = 0, then there exists d(x, A) such that A € st — LIM" A, 1.€.,

8 (limrstri“m <rn< s,k <t|dx, Apne) — d(x, AR > 4 £}|) =0.

St

for each € > 0. Then we say that almost all x,,,,,, are contained in some ball with any radius greater than . So

the triple sequence spaces x is Wijsman statistically analytic.

3.7 Remark

If x' = (xmi,nj‘k{,) is a sub sequence of x = (i), then LIMT A € LIMTA,',mk. But it is not valid for
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Wijsman statistical convergence. For
Example: Define

(mnk), if (mmnk)=C(,j)?2@jLEN),
d(x, Apni) =10, otherwise

of real numbers. Then the triple sequence spacesx' = (1,64,739,---) is a sub sequence of x. We have st —

LIM" Ay = [—7,7] abd st — LIM" A,y = .
3.8 Theorem

Letx = (xmi,nj,k{,) is a non thin sub sequence of Wijsman statistically triple sequence spaces x = (X1 ), then

st — LIM" Ay S st — LIMTA,, ..

Proof: Omitted.

3.9 Theorem

The Wijsman r — statistical limit set of a triple sequence x = (x;,,x) is closed.

Proof: If st — LIM" A, # @, then it is true. Assume that st — LIM™ A,,.x # ¢, then we can choose a triple
sequence spaces (Vink) € St — LIM™ A,y Such that d(y, Apni) =7 d(y, A) asm,n, k — oo. If we prove that
A € st — LIM" Ak, then the proof will be complete.

Let £ > 0 be given. Because d(y, Apnx) =" d(y,A),3 (mg, n§' k;) € N3 such that

|[d(y, Amni) — d(y, A)] < gfor allm > me,n > ng,k > k;.

Now choose an (mg, nok,) € N3 such that m, > me, M > ne, ko > k;. Then we can write

|d(y,Am0n0kO) - d(y,A)| < %

On the other hand, because (¥pni) € st — LIM" Apypy, We have Y, ok, € St — LIM" Ay, namely,

6 (limrsté |{m <rn<sk<t|dx Apmg) — d(y,Am0n0k0)| >r+ %}D =0.

Now let us show that the inclusion

0@ Ami) = d A <7+ €} 2 {|d (@, Ami) = (Y, Agngicg)| < 7+

22
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holds. Take (i, j, ) € {m <0< sk <t ]dC Apni) — AV, Amgngiey )| <7 + g}. Then we have

|d(xrAmnk) - d(y'Am0n0k0)| <r +§
and hence
|d(x,AL-]-e) - d(y,A)| < |d(x,AL-]-e) - d(y,Am0n0k0)| + |d(y,Am0n0kO) - d(y,A)| <r+ % +§ <r+e¢

ie, (@) e{fm<rn<sk<t:|dx Apu) —d(x,A)| < r+ €} which proves the equation (3.5). Hence

the natural density of the set on the LHS of equation (3.5) is equal to 1. So we get § (limmél{m <rn<

s,k < t:d(x, Apni) — d(x, A)| =7 + s}|) =0.

3.10 Theorem
The Wijsman r — statistical limit set of a triple sequence is convex.

Proof: Let A;,A, € st — LIM"A,,,,,,, for the triple sequence x = (x,,,x) and let € > 0 be given. Define

Ky = limyge— [{m < 7,0 < 5,k < t:d(x, Apmi) — d(x, A| =7+ £} = 0 and

St

Ky = limye —{m < 7,0 < 5,k < t:1d (0 Apmi) — d (6, Ap) 27+l = 0. Because Ay, A, € st —

St

LIM"™ Ak, We have §(K;) = §(K,) = 0. Thus we have

|d(-x1 Amnk) - [(1 - A)d(xlAl) + ld(x' AZ)]' = |(1 - A)(d(xl Amnk) - d(x'Al)) + l(d(x' Amnk) -
d(x,A,))| <7+ ¢ foreach (m,n, k) € (Kf N K{) and each A € [0,1]. Because §(K{ N K5) = 1, we get

8 (limyge —1{m < 7,1 < 5,k < £:1d (X, Aid) — [(1 = D (x,Ay) + 2d(x, A,)]| 2 7+ €}]) = 0,

St

ie, [(1—)d(x,A;) + Ad(x, A,)] € st — LIM™ A, Which proves the convexity of the set st — LIM" A, .-
3.11 Theorem

A triple sequence x = (Xpn) OF Wijsman statistically converges to A if and only if st — LIM™(d(x, Apni)) =

B.(d(x,4)).
Proof: We have proved the necessity part of this theorem in proof of the Theorem (3.1).

Sufficiency: Because st — LIM"(d(x, Apni)) = B,(d(x, A)) # ¢, then by Theorem (3.5) we can say that the

triple sequence spaces d(x, A,.) IS Wijsman statistically analytic. Assume on the contrary that the triple

sequence spaces (d(x, A)) has another Wijsman statistical cluster point (d(x, 4)) different from d(x, A4). Then
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the point
(dCx,4)) = d(x, A) + r ~(dCea) - (e ) )
|dx,4) - (d(x,4) |
satisfies
(A, A) - (d(x ) = dxA) - (d@x 1) + : (e 4) - (d(x'A))’)

|dx, 4) - (d(x, 4))

|(d6e, ) — (A ) | = |ac,4) — (dGe2) |+ (dG.4) — (4G 2) )

r
|aGx,4) — (dCx,2) |
|d(e,4) - (46 A) | = [deea) - (dG ) | 47>

Because (d(x,A)) , is a Wijsman statistical cluster point of the triple sequence spaces d (x, A,k ), by Theorem
(2.4) this inequality implies that d(x, A) & st — LIM"(d(x, A)). This contradicts the fact |d(x, ) — d(x,4)| =
rand st — LIM™(d(x,A)) = B,(d(x, A)). Therefore, d(x, A) is the unique Wijsman statistical cluster point of
the triple sequence spaces d(x, Apmni). Hence the Wijsman statistical cluster point of a Wijsman statistically
analytic triple sequence spaces is unique, then the triple sequence spaces d(x, A,,n) IS Wijsman statistically

convergent to d(x, A).
3.12 Theorem

Let (R3,].,.]) be astrictly convex space and x = (x,,,,,) be a triple sequence spaces if there exist y;,y, € st —

LIM™(d(x,A)) such that |d(y;,A) — d(y,, A)| = 2r then this triple sequence is Wijsman statistically

convergent to % (d(yy, A) + d(y,, A)).
Proof: Assume that z € [y a,,.0))- TheN Y1, ¥, € st — LIM" (d(x, Apni)) implies that
|(d(y1,A)) - Z| <r and |(d(y2,A)) - Z| <r, (3.6)
by Theorem 3.4. On the other hand, we have
2r = |(d(y1,A)) — (d(yz,A))| < |(d(y1,A)) - Z| + |(d(y2,A)) - Z| (3.7

combining the inqualities (3.6) and (3.7), we get |(d(y1,4)) — z| = |(d(y,,A)) — z| = r. Because

((d024) - (dow, D)) = 3| (z - (01, ) + (=2 + (A2, )] (38)
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and |(d(y,,4)) — (d(y,, A))| = 2r, we get E ((d(yZ,A)) - (d(yl,A)))| = r. By the strict convexity of the

space and from the equality 3.8, we get

1

H(CHE (d(yl,A))) = (z - (d(yl,A))) = (—z + (d(yz,A))) which implies that z = —((d(yl,A)) +

2

(d(yz,A))). Hence z is the unique Wijsman statistical cluster point of the triple sequence spaces (d(x, Apni))-

On the other hand, the assumption y;, y, € st — LIMr(d(x,Amnk)) implies that st — LIM"x # 0. By Theorem
3.6, the triple sequence (d(x,Amnk)) is statistically analytic. Consequently, the statistical cluster point of a

Wijsman statistically analytic triple sequence spaces is unique, then the triple sequence spaces is Wijsman

statistically convergent, i.e., st — lim  (d(x, Apni)) = l((d(yl,A)) + (d(yz,A))).

2

3.13 Theorem
(@) If ¢ € T, then
st — LIM™(d(x, Apni)) € B (c) (3.9)

(b)
st — LIM(d(%, Apie)) = Neer, Br(c) = {(d(x,A)) € R%:T, C B, ((d(x,A)))} (3.10)
Proof: (a) Assume that (d(x,A)) € st — LIM™(d(x, Amni)) and ¢ € T. Then by Theorem 3.4, we have
|(d(x,4)) —c| <
other wise we get

6 (limrsté{m <rn<sk<t|(dGAm)) — (dx D) =7+ e}) #0

. This contradicts the fact (d(x, 4)) € st — LIMT(d(x, Apni))-

for & = |(d(x,A))—C|—r
3

(b) By the equation (3.9), we can write
st — LIM™(d (x, Apni)) € Neer,, Br(0). (3.11)
Now assume that A € Ncer, B, (c). Then we have

|(d(y,A)) - C| <r
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for all ¢ € T, which is equivalent to T,, € B, ((d(y,A))), ie.,

Neer, Br(0) € {(d(y,A)) € R%:T, C B, ((d(y,A)))}. (3.12)
Now let (d(y,4)) & st — LIM™(d(x, Amn) ). Then there exists an e > 0 such that
1) (limrsté{m <rn<sk<t: |(d(x,A)) - (d(y,A))| >r+ e}) #0

the existence of a Wijsman statistical cluster point ¢ of the triple sequence spaces (d(x,Amnk)) with

|(d(y,4)) —c| =7 +¢,ie, T UB, ((d(y,A))) and
ye{ler:r, c B ((dx )}
Hence y € st — LIM"(d(x, Ayni)) follows from y € {(d(x,A)) € R3:T, € B, ((d(x,A)))}, ie.,

{(d(x,A)) € R%T, C B, ((d(x,A)))} C st — LIM™(d (X, Apng))- (3.13)
Therefore the inclusions (3.11)-(3.13) ensure that (3.10) holds.
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