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Abstract 

We present a full proof  of  Hardy’s identity which is of course well known of all the people interested in this 

field. Seemingly,  there is no convenient reference, at least to our knowledge. This is what prompted us to try 

the proof  it. 

Keywords: Cauchy-Riemann equations ( polar coordinates);  Estimation  the  Integral  means ; Univalent 

function. 

1. Introduction  

A function 𝒇𝒇 holomorphic on the unit disk 𝑫𝑫 has a Taylor expansion 

𝑓𝑓(𝑧𝑧) = �𝑎𝑎𝑛𝑛𝑧𝑧𝑛𝑛 ,      𝑧𝑧 ∈ 𝐷𝐷.
∞

𝑛𝑛=0

 

It is natural  to estimate  the integral means of univalent function on the unit disk 𝐷𝐷  by applying Hardy’s 

identity  which is one of the most useful  theoretical tools in complex analysis and specifically in complex 

function theory  as presented  in Pommerenke’s work [1,2]. 

------------------------------------------------------------------------ 

* Corresponding author.  

http://gssrr.org/index.php?journal=JournalOfBasicAndApplied
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2. Hardy’s identity 

 Theorem (2.1)  [Hardy’s identity for 𝐼𝐼(𝑟𝑟,𝜑𝜑)]. 

Let Φ(𝑡𝑡) be a twice continuously differentiable function, Ψ(𝑡𝑡) = 𝑡𝑡 𝑑𝑑
𝑑𝑑𝑑𝑑

[𝑡𝑡Φ(𝑡𝑡)′(𝑡𝑡)],   0 ≤ 𝑡𝑡 < ∞,  let 𝜑𝜑(𝑧𝑧) be a 

holomorphic in the unit disk 𝐷𝐷 and 

𝐼𝐼(𝑟𝑟,𝜑𝜑) = 1
2𝜋𝜋

 ∫ Φ(|𝜑𝜑(𝑟𝑟𝑒𝑒𝑖𝑖𝑖𝑖)|2𝜋𝜋
0 )𝑑𝑑𝑑𝑑,    𝑧𝑧 = 𝑟𝑟𝑒𝑒𝑖𝑖𝑖𝑖 ,  0 ≤ 𝑟𝑟 < 1,  

which is the integral means  of the modulus of 𝜑𝜑(𝑧𝑧). 

If 𝜑𝜑(𝑧𝑧) ≠ 0 for |𝑧𝑧| = 𝑟𝑟 then  

𝑟𝑟
𝜕𝜕
𝜕𝜕𝑟𝑟

[𝑟𝑟𝐼𝐼′] =
1

2𝜋𝜋
� Ψ(|𝜑𝜑(𝑧𝑧)|
2𝜋𝜋

0
) �
𝑧𝑧𝜑𝜑′

𝜑𝜑
�
2

 𝑑𝑑𝑑𝑑. 

To this end, we will try to prove some more identities related to |𝜑𝜑|. 

Proposition (2.1) [ First identity]  

Let  𝜑𝜑(𝑧𝑧)  be a holomorphic in  𝐷𝐷. If 𝜑𝜑(𝑧𝑧) ≠ 0 in 𝐷𝐷, then  

𝑟𝑟
𝜕𝜕
𝜕𝜕𝑟𝑟

 |𝜑𝜑|(𝑧𝑧) = |𝜑𝜑(𝑧𝑧)|ℜ� 𝑧𝑧 
𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧)� .             (1) 

Proof. 

Let 𝜑𝜑(𝑧𝑧) = 𝑢𝑢(𝑟𝑟,𝑑𝑑) + 𝑖𝑖𝑖𝑖(𝑟𝑟,𝑑𝑑),  𝑧𝑧 = 𝑟𝑟𝑒𝑒𝑖𝑖𝑖𝑖 . Then 

|𝜑𝜑|(𝑧𝑧) = �𝑢𝑢2 + 𝑖𝑖2. 

Differentiating 𝜑𝜑(𝑧𝑧)  with respect to 𝑟𝑟, fixing 𝑑𝑑 then take limit along the ray where the argument is equal to 𝑑𝑑. 

𝜑𝜑′�𝑟𝑟𝑒𝑒𝑖𝑖𝑖𝑖� =  
𝜕𝜕𝜑𝜑�𝑟𝑟𝑒𝑒𝑖𝑖𝑖𝑖�

𝜕𝜕𝑟𝑟
=

1
𝑒𝑒𝑖𝑖𝑖𝑖

( 𝑢𝑢𝑟𝑟 + 𝑖𝑖𝑖𝑖𝑟𝑟). 

Now, 

𝑧𝑧 
𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧) = 𝑟𝑟

𝑢𝑢𝑢𝑢𝑟𝑟 + 𝑖𝑖𝑖𝑖𝑟𝑟
𝑢𝑢2 + 𝑖𝑖2

+ 𝑖𝑖𝑟𝑟
𝑢𝑢𝑢𝑢𝑟𝑟 − 𝑖𝑖𝑖𝑖𝑟𝑟
𝑢𝑢2 + 𝑖𝑖2

 , 

which implies to  
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|𝜑𝜑(𝑧𝑧)|ℜ� 𝑧𝑧 
𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧)� = 𝑟𝑟

𝑢𝑢𝑢𝑢𝑟𝑟 + 𝑖𝑖𝑖𝑖𝑟𝑟
√𝑢𝑢2 + 𝑖𝑖2

, 

On the other side we have  

𝑟𝑟
𝜕𝜕
𝜕𝜕𝑟𝑟

 |𝜑𝜑|(𝑧𝑧) = 𝑟𝑟
𝑢𝑢𝑢𝑢𝑟𝑟 + 𝑖𝑖𝑖𝑖𝑟𝑟
√𝑢𝑢2 + 𝑖𝑖2

. 

Finally, we obtain    

𝑟𝑟
𝜕𝜕
𝜕𝜕𝑟𝑟

 |𝜑𝜑|(𝑧𝑧) = |𝜑𝜑(𝑧𝑧)|ℜ� 𝑧𝑧 
𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧)� .∎ 

    

Proposition (2.2)  [ Second  identity] 

Let  𝜑𝜑(𝑧𝑧) be a holomorphic in  𝐷𝐷. If 𝜑𝜑(𝑧𝑧) ≠ 0 in 𝐷𝐷, then  

𝜕𝜕
𝜕𝜕𝑑𝑑

 |𝜑𝜑|(𝑧𝑧) = −|𝜑𝜑(𝑧𝑧)|ℑ� 𝑧𝑧 
𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧)�  .                        (2) 

Proof. 

Let 𝜑𝜑(𝑧𝑧) = 𝑢𝑢(𝑟𝑟,𝑑𝑑) + 𝑖𝑖𝑖𝑖(𝑟𝑟,𝑑𝑑),  𝑧𝑧 = 𝑟𝑟𝑒𝑒𝑖𝑖𝑖𝑖 . Then 

|𝜑𝜑|(𝑧𝑧) = �𝑢𝑢2 + 𝑖𝑖2. 

Differentiating 𝜑𝜑(𝑧𝑧)  with respect to 𝑑𝑑, fixing 𝑟𝑟  then take limit along the  circle. 

𝜑𝜑′�𝑟𝑟𝑒𝑒𝑖𝑖𝑖𝑖� =  
𝜕𝜕𝜑𝜑�𝑟𝑟𝑒𝑒𝑖𝑖𝑖𝑖�

𝜕𝜕𝑑𝑑
=

1
𝑒𝑒𝑖𝑖𝑖𝑖

( 𝑢𝑢𝑖𝑖 + 𝑖𝑖𝑖𝑖𝑖𝑖). 

Now, 

𝑧𝑧 
𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧) = 𝑟𝑟

𝑢𝑢𝑢𝑢𝑖𝑖 − 𝑖𝑖𝑖𝑖𝑖𝑖
𝑢𝑢2 + 𝑖𝑖2

+ 𝑖𝑖
− 𝑢𝑢𝑢𝑢𝑖𝑖 − 𝑖𝑖𝑖𝑖𝑖𝑖
𝑢𝑢2 + 𝑖𝑖2

 , 

which implies to  

|𝜑𝜑(𝑧𝑧)|ℑ� 𝑧𝑧 
𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧)� =

− 𝑢𝑢𝑢𝑢𝑖𝑖 − 𝑖𝑖𝑖𝑖𝑖𝑖
√𝑢𝑢2 + 𝑖𝑖2

, 

On the other side we have  
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𝜕𝜕
𝜕𝜕𝑑𝑑

 |𝜑𝜑|(𝑧𝑧) =
𝑢𝑢𝑢𝑢𝑖𝑖 + 𝑖𝑖𝑖𝑖𝑖𝑖
√𝑢𝑢2 + 𝑖𝑖2

. 

Finally, we obtain  

𝜕𝜕
𝜕𝜕𝑑𝑑

 |𝜑𝜑|(𝑧𝑧) = −|𝜑𝜑(𝑧𝑧)|ℑ� 𝑧𝑧 
𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧)� .∎ 

 

Proposition (2.3) [ Third  identity] 

Let  𝜑𝜑(𝑧𝑧) be a holomorphic in  𝐷𝐷. If 𝜑𝜑(𝑧𝑧) ≠ 0 in 𝐷𝐷, then  

𝑟𝑟
𝜕𝜕
𝜕𝜕𝑟𝑟

 |𝜑𝜑(𝑧𝑧)|ℜ� 𝑧𝑧 
𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧)� −

|𝜑𝜑(𝑧𝑧)|ℑ� 𝑧𝑧 
𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧)� = |𝜑𝜑(𝑧𝑧)| � 

𝑧𝑧 𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧) �

2

.     (3)  

Proof.  As we stated earlier 

|𝜑𝜑(𝑧𝑧)| � 
𝑧𝑧 𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧) �

2

=
𝑢𝑢𝑖𝑖2 + 𝑖𝑖𝑖𝑖2

√𝑢𝑢2 + 𝑖𝑖2
, 

Here, we shall to prove that  

𝑟𝑟
𝜕𝜕
𝜕𝜕𝑟𝑟

 |𝜑𝜑(𝑧𝑧)|ℜ� 𝑧𝑧 
𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧)� −

|𝜑𝜑(𝑧𝑧)|ℑ� 𝑧𝑧 
𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧)� =

𝑢𝑢𝑖𝑖2 + 𝑖𝑖𝑖𝑖2

√𝑢𝑢2 + 𝑖𝑖2
, 

As follows 

=
u2𝑖𝑖𝑖𝑖2 + 𝑟𝑟2𝑢𝑢3𝑢𝑢𝑟𝑟𝑟𝑟 + u2𝑢𝑢𝑖𝑖2 + 𝑟𝑟2𝑢𝑢2𝑖𝑖𝑖𝑖𝑟𝑟𝑟𝑟 + 𝑖𝑖2 𝑖𝑖𝑖𝑖2 + 𝑟𝑟2 𝑢𝑢𝑖𝑖2𝑢𝑢𝑟𝑟𝑟𝑟 + v𝑢𝑢𝑖𝑖2 + 𝑟𝑟2𝑖𝑖3𝑢𝑢𝑟𝑟𝑟𝑟 

(𝑢𝑢2 + 𝑖𝑖2)√𝑢𝑢2 + 𝑖𝑖2

+
−u2𝑖𝑖𝑖𝑖2 + 2𝑢𝑢𝑖𝑖𝑢𝑢𝑖𝑖𝑖𝑖𝑖𝑖 − 𝑖𝑖2 𝑢𝑢𝑖𝑖2 + 𝑢𝑢3𝑖𝑖𝑖𝑖 − 𝑖𝑖𝑢𝑢2𝑢𝑢𝑖𝑖 + 𝑢𝑢𝑖𝑖2𝑖𝑖𝑖𝑖 − 𝑖𝑖3𝑢𝑢𝑖𝑖

(𝑢𝑢2 + 𝑖𝑖2)√𝑢𝑢2 + 𝑖𝑖2
 

Next, 

 −|𝜑𝜑(𝑧𝑧)|ℑ � 𝑧𝑧 𝜑𝜑
′(𝑧𝑧)
𝜑𝜑(𝑧𝑧)

� = − 𝜕𝜕
𝜕𝜕𝑖𝑖
√𝑢𝑢2 + 𝑖𝑖2  �− 𝑢𝑢𝑢𝑢𝜃𝜃−𝑣𝑣𝑣𝑣𝜃𝜃

𝑢𝑢2+𝑣𝑣2
� 𝜕𝜕
𝜕𝜕𝑖𝑖
� 𝑢𝑢𝑢𝑢𝜃𝜃+𝑣𝑣𝑣𝑣𝜃𝜃

𝑢𝑢2+𝑣𝑣2
�, 

So, 

𝑟𝑟
𝜕𝜕
𝜕𝜕𝑟𝑟

 |𝜑𝜑(𝑧𝑧)|ℜ� 𝑧𝑧 
𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧)� −

|𝜑𝜑(𝑧𝑧)|ℑ� 𝑧𝑧 
𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧)� = |𝜑𝜑(𝑧𝑧)| � 

𝑧𝑧 𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧) �

2

∎ 
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Now, we are ready to give proof  for  theorem (2.1) ( Hardy’s identity for 𝐼𝐼(𝑟𝑟,𝜑𝜑)) as follows: 

Proof  Theorem (2.1) ( Hardy’s identity for 𝐼𝐼(𝑟𝑟,𝜑𝜑)). 

Choose Φ(𝑡𝑡) = 𝑡𝑡 ⟹ Φ(𝑡𝑡)′ = 1 such that Ψ(𝑡𝑡) = 𝑡𝑡 𝑑𝑑
𝑑𝑑𝑑𝑑

[𝑡𝑡] = 𝑡𝑡. 

Put 𝑡𝑡 = |𝜑𝜑(𝑧𝑧)|, multiplying both identities (1),(2)  by   𝑟𝑟 𝜕𝜕
𝜕𝜕𝑟𝑟

, 𝜕𝜕
𝜕𝜕𝑖𝑖

 respectively.  

�𝑟𝑟
𝜕𝜕
𝜕𝜕𝑟𝑟
�
2

 |𝜑𝜑|(𝑧𝑧) = 𝑟𝑟
𝜕𝜕
𝜕𝜕𝑟𝑟

|𝜑𝜑(𝑧𝑧)|ℜ� 𝑧𝑧 
𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧)�  ,             (4) 

�
𝜕𝜕
𝜕𝜕𝑑𝑑
�
2

 |𝜑𝜑|(𝑧𝑧) = −
𝜕𝜕
𝜕𝜕𝑑𝑑

|𝜑𝜑(𝑧𝑧)|ℑ� 𝑧𝑧 
𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧)�   ,         (5) 

Adding  equation (5) to (4) in order to obtain  

�𝑟𝑟
𝜕𝜕
𝜕𝜕𝑟𝑟
�
2

|𝜑𝜑|(𝑧𝑧) + �
𝜕𝜕
𝜕𝜕𝑑𝑑
�
2

|𝜑𝜑|(𝑧𝑧) = |𝜑𝜑(𝑧𝑧)|ℜ�𝑧𝑧 
𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧)� −

|𝜑𝜑(𝑧𝑧)|ℑ�𝑧𝑧 
𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧)�   (6) 

 

Integrating (6) with respect to 𝑑𝑑  when 0 ≤ 𝑑𝑑 ≤ 2𝜋𝜋 and using identity (3). 

1
2𝜋𝜋

� �𝑟𝑟
𝜕𝜕
𝜕𝜕𝑟𝑟
�
2

|𝜑𝜑|(𝑧𝑧)
2𝜋𝜋

0
𝑑𝑑𝑑𝑑 +

1
2𝜋𝜋

� �
𝜕𝜕
𝜕𝜕𝑑𝑑
�
2

|𝜑𝜑|(𝑧𝑧)𝑑𝑑𝑑𝑑
2𝜋𝜋

0

=
1

2𝜋𝜋
� |𝜑𝜑(𝑧𝑧)|ℜ�𝑧𝑧 

𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧)�

2𝜋𝜋

0
𝑑𝑑𝑑𝑑 −

1
2𝜋𝜋

� |𝜑𝜑(𝑧𝑧)|ℑ�𝑧𝑧 
𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧)�

2𝜋𝜋

0
 𝑑𝑑𝑑𝑑. 

Finally, 

𝑟𝑟 𝜕𝜕
𝜕𝜕𝑟𝑟
�𝑟𝑟 𝜕𝜕

𝜕𝜕𝑟𝑟
� 1
2𝜋𝜋 ∫ |𝜑𝜑(𝑧𝑧)| 𝑑𝑑𝑑𝑑2𝜋𝜋

0 �� = 1
2𝜋𝜋 ∫ |𝜑𝜑(𝑧𝑧)| � 𝑧𝑧 𝜑𝜑′

𝜑𝜑
�
2
𝑑𝑑𝑑𝑑2𝜋𝜋

0 .∎ 

 

In the attempt to prove Hardy identity with respect to the mean value of the modulus of  𝜑𝜑 on the circle |𝑧𝑧| = 𝑟𝑟 ; 

we have been led to prove a good deal more. In particular, for the function 𝐼𝐼𝑝𝑝(𝑟𝑟,𝜑𝜑) 

 𝐼𝐼𝑝𝑝(𝑟𝑟,𝜑𝜑) =
1

2𝜋𝜋
 � |𝜑𝜑�𝑟𝑟𝑒𝑒𝑖𝑖𝑖𝑖� |𝑝𝑝 𝑑𝑑𝑑𝑑,       𝑧𝑧 = 𝑟𝑟𝑒𝑒𝑖𝑖𝑖𝑖 ,    0 < 𝑟𝑟 < 1,

2𝜋𝜋

0
 

where 𝑝𝑝 is any positive number, to this end, we will try to prove some more identities related to |𝜑𝜑 |𝑝𝑝. 
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Theorem (2.2)  �Hardy’s identity for 𝐼𝐼𝑝𝑝(𝑟𝑟,𝜑𝜑)� 

Let Φ(𝑡𝑡) be a twice continuously differentiable function, Ψ(𝑡𝑡) = 𝑡𝑡 𝑑𝑑
𝑑𝑑𝑑𝑑

[𝑡𝑡Φ(𝑡𝑡)′(𝑡𝑡)],   0 ≤ 𝑡𝑡 < ∞,  let 𝜑𝜑(𝑧𝑧) be a 

holomorphic in the unit disk 𝐷𝐷 and 

𝐼𝐼𝑝𝑝(𝑟𝑟,𝜑𝜑) = 1
2𝜋𝜋

 ∫ Φ(2𝜋𝜋
0 |𝜑𝜑(𝑟𝑟𝑒𝑒𝑖𝑖𝑖𝑖)|𝑝𝑝)𝑑𝑑𝑑𝑑,    𝑧𝑧 = 𝑟𝑟𝑒𝑒𝑖𝑖𝑖𝑖 ,  0 ≤ 𝑟𝑟 < 1,  

which is the integral means  of the  |𝜑𝜑|𝑝𝑝(𝑧𝑧),where 𝑝𝑝 is a positive number. 

If 𝜑𝜑(𝑧𝑧) ≠ 0 for |𝑧𝑧| = 𝑟𝑟 then  

𝑟𝑟
𝜕𝜕
𝜕𝜕𝑟𝑟

[𝑟𝑟𝐼𝐼′ ] =
1

2𝜋𝜋
� Ψ(|𝜑𝜑(𝑧𝑧)|p
2𝜋𝜋

0
) �
𝑧𝑧𝜑𝜑′

𝜑𝜑
�
2

 𝑑𝑑𝑑𝑑. 

To this end, we will try to prove some more identities related to |φ|𝑝𝑝. 

Proposition (2.4) [ Fourth identity]. 

Let  𝜑𝜑(𝑧𝑧) be a holomorphic in  𝐷𝐷. If 𝜑𝜑(𝑧𝑧) ≠ 0 in 𝐷𝐷, then  

𝑟𝑟
𝜕𝜕
𝜕𝜕𝑟𝑟

 |𝜑𝜑|𝑝𝑝(𝑧𝑧) = 𝑝𝑝|𝜑𝜑(𝑧𝑧) |𝑝𝑝ℜ� 𝑧𝑧 
𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧)� .             (7) 

Proof. 

Let 𝜑𝜑(𝑧𝑧) = 𝑢𝑢(𝑟𝑟,𝑑𝑑) + 𝑖𝑖𝑖𝑖(𝑟𝑟,𝑑𝑑),  𝑧𝑧 = 𝑟𝑟𝑒𝑒𝑖𝑖𝑖𝑖 . Then 

|𝜑𝜑|𝑝𝑝(𝑧𝑧) = (𝑢𝑢2 + 𝑖𝑖2)
𝑝𝑝
2 . 

Differentiating 𝜑𝜑(𝑧𝑧)  with respect to 𝑟𝑟, fixing 𝑑𝑑 then take limit along the ray where the argument is equal to 𝑑𝑑. 

𝜑𝜑′�𝑟𝑟𝑒𝑒𝑖𝑖𝑖𝑖� =  
𝜕𝜕𝜑𝜑�𝑟𝑟𝑒𝑒𝑖𝑖𝑖𝑖�

𝜕𝜕𝑟𝑟
=

1
𝑒𝑒𝑖𝑖𝑖𝑖

( 𝑢𝑢𝑟𝑟 + 𝑖𝑖𝑖𝑖𝑟𝑟). 

Now, 

𝑧𝑧 
𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧) = 𝑟𝑟

𝑢𝑢𝑢𝑢𝑟𝑟 + 𝑖𝑖𝑖𝑖𝑟𝑟
𝑢𝑢2 + 𝑖𝑖2

+ 𝑖𝑖𝑟𝑟
𝑢𝑢𝑢𝑢𝑟𝑟 − 𝑖𝑖𝑖𝑖𝑟𝑟
𝑢𝑢2 + 𝑖𝑖2

 , 

which implies to  

𝑝𝑝|𝜑𝜑(𝑧𝑧)|𝑝𝑝ℜ� 𝑧𝑧 
𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧)� = 𝑟𝑟(𝑢𝑢2 + 𝑖𝑖2)

𝑝𝑝
2−1  (𝑢𝑢𝑢𝑢𝑟𝑟 + 𝑖𝑖𝑖𝑖𝑟𝑟). 
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On the other side we have  

𝑟𝑟
𝜕𝜕
𝜕𝜕𝑟𝑟

 |𝜑𝜑|𝑝𝑝(𝑧𝑧) = 𝑟𝑟𝑝𝑝 (𝑢𝑢2 + 𝑖𝑖2)
𝑝𝑝
2−1  (𝑢𝑢𝑢𝑢𝑟𝑟 + 𝑖𝑖𝑖𝑖𝑟𝑟). 

Finally, we obtain    

𝑟𝑟
𝜕𝜕
𝜕𝜕𝑟𝑟

 |𝜑𝜑|𝑝𝑝(𝑧𝑧) = 𝑝𝑝|𝜑𝜑(𝑧𝑧)|𝑝𝑝ℜ� 𝑧𝑧 
𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧)� .∎ 

Proposition (2.5) [Fifth  identity]. 

Let  𝜑𝜑(𝑧𝑧) be a holomorphic in  𝐷𝐷. If 𝜑𝜑(𝑧𝑧) ≠ 0 in 𝐷𝐷, then  

𝜕𝜕
𝜕𝜕𝑑𝑑

 |𝜑𝜑|𝑝𝑝(𝑧𝑧) = −|𝜑𝜑(𝑧𝑧)|𝑝𝑝ℑ� 𝑧𝑧 
𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧)�  .                        (8) 

Proof. 

Let 𝜑𝜑(𝑧𝑧) = 𝑢𝑢(𝑟𝑟,𝑑𝑑) + 𝑖𝑖𝑖𝑖(𝑟𝑟,𝑑𝑑),  𝑧𝑧 = 𝑟𝑟𝑒𝑒𝑖𝑖𝑖𝑖 . Then 

|𝜑𝜑|𝑝𝑝(𝑧𝑧) = (𝑢𝑢2 + 𝑖𝑖2)
𝑝𝑝
2 . 

Differentiating 𝜑𝜑(𝑧𝑧)  with respect to 𝑑𝑑, fixing 𝑟𝑟  then take limit along the  circle. 

𝜑𝜑′�𝑟𝑟𝑒𝑒𝑖𝑖𝑖𝑖� =  
𝜕𝜕𝜑𝜑�𝑟𝑟𝑒𝑒𝑖𝑖𝑖𝑖�

𝜕𝜕𝑑𝑑
=

1
𝑒𝑒𝑖𝑖𝑖𝑖

( 𝑢𝑢𝑖𝑖 + 𝑖𝑖𝑖𝑖𝑖𝑖). 

Now, 

𝑧𝑧 
𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧) = 𝑟𝑟

𝑢𝑢𝑢𝑢𝑖𝑖 − 𝑖𝑖𝑖𝑖𝑖𝑖
𝑢𝑢2 + 𝑖𝑖2

+ 𝑖𝑖
− 𝑢𝑢𝑢𝑢𝑖𝑖 − 𝑖𝑖𝑖𝑖𝑖𝑖
𝑢𝑢2 + 𝑖𝑖2

 , 

which implies to  

𝑝𝑝|𝜑𝜑(𝑧𝑧)|𝑝𝑝ℑ� 𝑧𝑧 
𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧)� =  −𝑝𝑝(𝑢𝑢2 + 𝑖𝑖2)

𝑝𝑝
2−1(𝑢𝑢𝑢𝑢𝑖𝑖 − 𝑖𝑖𝑖𝑖𝑖𝑖), 

On the other side we have  

𝜕𝜕
𝜕𝜕𝑑𝑑

 |𝜑𝜑|𝑝𝑝(𝑧𝑧) = 𝑝𝑝(𝑢𝑢2 + 𝑖𝑖2)
𝑝𝑝
2−1(𝑢𝑢𝑢𝑢𝑖𝑖 − 𝑖𝑖𝑖𝑖𝑖𝑖). 

Finally, we obtain  
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𝜕𝜕
𝜕𝜕𝑑𝑑

 |𝜑𝜑|𝑝𝑝(𝑧𝑧) = −p|𝜑𝜑(𝑧𝑧)|𝑝𝑝ℑ� 𝑧𝑧 
𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧)� .∎ 

Proposition (2.5) [Sixth  identity]. 

Let  𝜑𝜑(𝑧𝑧) be a holomorphic in  𝐷𝐷. If 𝜑𝜑(𝑧𝑧) ≠ 0 in 𝐷𝐷, then  

𝑟𝑟𝑝𝑝
𝜕𝜕
𝜕𝜕𝑟𝑟

 |𝜑𝜑(𝑧𝑧)|𝑝𝑝ℜ� 𝑧𝑧 
𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧)� − p|𝜑𝜑(𝑧𝑧)|𝑝𝑝ℑ � 𝑧𝑧 

𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧)� = 𝑝𝑝2|𝜑𝜑(𝑧𝑧)|𝑝𝑝 � 

𝑧𝑧 𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧) �

2

.     (9)  

Proof.  As we stated earlier 

𝑝𝑝2|𝜑𝜑(𝑧𝑧)|𝑝𝑝 � 
𝑧𝑧 𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧) �

2

=  𝑝𝑝2(𝑢𝑢2 + 𝑖𝑖2)
𝑝𝑝
2−1 ( 𝑢𝑢𝑖𝑖2 + 𝑖𝑖𝑖𝑖2). 

Here, we shall to prove that  

𝑟𝑟𝑝𝑝
𝜕𝜕
𝜕𝜕𝑟𝑟

 |𝜑𝜑(𝑧𝑧)|𝑝𝑝ℜ� 𝑧𝑧 
𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧)� − p|𝜑𝜑(𝑧𝑧)|𝑝𝑝ℑ � 𝑧𝑧 

𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧)� = 𝑝𝑝2(𝑢𝑢2 + 𝑖𝑖2)

𝑝𝑝
2−1 ( 𝑢𝑢𝑖𝑖2 + 𝑖𝑖𝑖𝑖2), 

As follows 

𝑟𝑟𝑝𝑝
𝜕𝜕
𝜕𝜕𝑟𝑟

 |𝜑𝜑(𝑧𝑧)|𝑝𝑝ℜ� 𝑧𝑧 
𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧)� = 𝑟𝑟𝑝𝑝 �

𝜕𝜕
𝜕𝜕𝑟𝑟
𝑟𝑟(𝑢𝑢2 + 𝑖𝑖2)

𝑝𝑝
2−1 (𝑢𝑢𝑢𝑢𝑟𝑟 + 𝑖𝑖𝑖𝑖𝑟𝑟)� 

= 𝑟𝑟2𝑝𝑝(𝑢𝑢2 + 𝑖𝑖2)
𝑝𝑝
2−1(𝑢𝑢𝑟𝑟2 + 𝑢𝑢𝑢𝑢𝑟𝑟𝑟𝑟 + 𝑖𝑖𝑟𝑟2 + 𝑖𝑖𝑖𝑖𝑟𝑟𝑟𝑟) + 𝑟𝑟𝑝𝑝(𝑢𝑢𝑢𝑢𝑟𝑟 + 𝑖𝑖𝑖𝑖𝑟𝑟)(𝑢𝑢2 + 𝑖𝑖2)

𝑝𝑝
2−1

+ 𝑟𝑟2𝑝𝑝 �
𝑝𝑝 − 2

2
� (𝑢𝑢𝑢𝑢𝑟𝑟 + 𝑖𝑖𝑖𝑖𝑟𝑟)(𝑢𝑢2 + 𝑖𝑖2)

𝑝𝑝
2−2(2𝑢𝑢𝑢𝑢𝑟𝑟 + 2𝑖𝑖𝑖𝑖𝑟𝑟). 

Now,  we have to be careful in order to make a little bit change between each of   

𝑢𝑢(𝑟𝑟,𝑑𝑑), 𝑖𝑖(𝑟𝑟,𝑑𝑑)  through applying Cauchy -Riemann equations ( in polar coordinats) 

𝑢𝑢𝑟𝑟 = 1
𝑟𝑟
𝑖𝑖𝑖𝑖   , 𝑖𝑖𝑟𝑟 = −1

𝑟𝑟
𝑢𝑢𝑖𝑖, 

as follows 

𝑟𝑟𝑝𝑝
𝜕𝜕
𝜕𝜕𝑟𝑟

 |𝜑𝜑(𝑧𝑧)|𝑝𝑝ℜ� 𝑧𝑧 
𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧)�

= 𝑝𝑝(𝑢𝑢2 + 𝑖𝑖2)
𝑝𝑝
2−1(𝑖𝑖𝑖𝑖2 + 𝑟𝑟𝑢𝑢𝑖𝑖𝑟𝑟𝑖𝑖 − uvθ + uθ2  − rvurθ  + vuθ) + 𝑝𝑝(𝑢𝑢𝑖𝑖𝑖𝑖 − 𝑖𝑖𝑢𝑢𝑖𝑖)(𝑢𝑢2 + 𝑖𝑖2)

𝑝𝑝
2−1

+ 𝑝𝑝(𝑝𝑝 − 2)(𝑢𝑢2 + 𝑖𝑖2)
𝑝𝑝
2−2(𝑢𝑢𝑖𝑖𝑖𝑖 − 𝑖𝑖𝑢𝑢𝑖𝑖)2. 
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Similarly, we can calculate −|𝜑𝜑(𝑧𝑧)|ℑ � 𝑧𝑧 𝜑𝜑
′(𝑧𝑧)
𝜑𝜑(𝑧𝑧)

� as well  

−𝑝𝑝|𝜑𝜑(𝑧𝑧)|ℑ� 𝑧𝑧 
𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧)�

= 𝑝𝑝(𝑢𝑢2 + 𝑖𝑖2)
𝑝𝑝
2−1( 𝑢𝑢𝑖𝑖2 + 𝑖𝑖𝑖𝑖2) + 𝑝𝑝2(𝑢𝑢𝑢𝑢𝑖𝑖 + 𝑖𝑖𝑖𝑖𝑖𝑖)2(𝑢𝑢2 + 𝑖𝑖2)

𝑝𝑝
2−2

− 2𝑝𝑝(𝑢𝑢𝑢𝑢𝑖𝑖 + 𝑖𝑖𝑖𝑖𝑖𝑖)2(𝑢𝑢2 + 𝑖𝑖2)
𝑝𝑝
2−2. 

So, 

   𝑟𝑟𝑝𝑝
𝜕𝜕
𝜕𝜕𝑟𝑟

 |𝜑𝜑(𝑧𝑧)|𝑝𝑝ℜ� 𝑧𝑧 
𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧)� − 𝑝𝑝|𝜑𝜑(𝑧𝑧)|ℑ� 𝑧𝑧 

𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧)�  = 𝑝𝑝2(𝑢𝑢2 + 𝑖𝑖2)

𝑝𝑝
2−1(𝑖𝑖𝑖𝑖2 + uθ2 ) 

,   𝑟𝑟𝑝𝑝 𝜕𝜕
𝜕𝜕𝑟𝑟

 |𝜑𝜑(𝑧𝑧)|𝑝𝑝ℜ � 𝑧𝑧 𝜑𝜑
′(𝑧𝑧)
𝜑𝜑(𝑧𝑧)

� − 𝑝𝑝|𝜑𝜑(𝑧𝑧)|ℑ � 𝑧𝑧 𝜑𝜑
′(𝑧𝑧)
𝜑𝜑(𝑧𝑧)

� = 𝑝𝑝2|𝜑𝜑(𝑧𝑧)|𝑝𝑝 � 𝑧𝑧 𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧)

�
2
∎ 

Proof  Theorem (2.2) ( Hardy’s identity for 𝐼𝐼𝑝𝑝(𝑟𝑟,𝜑𝜑)). 

Choose Φ(𝑡𝑡) = 𝑡𝑡𝑃𝑃 ⟹ Φ(𝑡𝑡)′ = 𝑝𝑝𝑡𝑡𝑝𝑝−1 such that Ψ(𝑡𝑡) = 𝑡𝑡 𝑑𝑑
𝑑𝑑𝑑𝑑

[𝑝𝑝𝑡𝑡𝑝𝑝] = 𝑝𝑝2𝑡𝑡𝑝𝑝. 

Put 𝑡𝑡𝑝𝑝 = |𝜑𝜑(𝑧𝑧)|𝑝𝑝, multiplying both identities (7),(8)  by   𝑟𝑟 𝜕𝜕
𝜕𝜕𝑟𝑟

, 𝜕𝜕
𝜕𝜕𝑖𝑖

 respectively.  

�𝑟𝑟
𝜕𝜕
𝜕𝜕𝑟𝑟
�
2

 |𝜑𝜑|𝑝𝑝(𝑧𝑧) = 𝑝𝑝𝑟𝑟
𝜕𝜕
𝜕𝜕𝑟𝑟

|𝜑𝜑(𝑧𝑧)|𝑝𝑝ℜ� 𝑧𝑧 
𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧)�  ,             (10) 

�
𝜕𝜕
𝜕𝜕𝑑𝑑
�
2

 |𝜑𝜑|𝑝𝑝(𝑧𝑧) = −p
𝜕𝜕
𝜕𝜕𝑑𝑑

|𝜑𝜑(𝑧𝑧)|𝑝𝑝ℑ � 𝑧𝑧 
𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧)�   ,         (11) 

Adding  equation (11) to (10) in order to obtain  

�𝑟𝑟
𝜕𝜕
𝜕𝜕𝑟𝑟
�
2

|𝜑𝜑|𝑝𝑝(𝑧𝑧) + �
𝜕𝜕
𝜕𝜕𝑑𝑑
�
2

|𝜑𝜑|𝑝𝑝(𝑧𝑧) = 𝑝𝑝𝑟𝑟
𝜕𝜕
𝜕𝜕𝑟𝑟

|𝜑𝜑(𝑧𝑧)|𝑝𝑝ℜ� 𝑧𝑧 
𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧)� − p

𝜕𝜕
𝜕𝜕𝑑𝑑

|𝜑𝜑(𝑧𝑧)|𝑝𝑝ℑ� 𝑧𝑧 
𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧)�   (12) 

Integrating  (12) with respect to 𝑑𝑑  when 0 ≤ 𝑑𝑑 ≤ 2𝜋𝜋 and using identity (9). 

1
2𝜋𝜋

� �𝑟𝑟
𝜕𝜕
𝜕𝜕𝑟𝑟
�
2

|𝜑𝜑|𝑝𝑝(𝑧𝑧)
2𝜋𝜋

0
𝑑𝑑𝑑𝑑 +

1
2𝜋𝜋

� �
𝜕𝜕
𝜕𝜕𝑑𝑑
�
2

|𝜑𝜑|𝑝𝑝(𝑧𝑧)𝑑𝑑𝑑𝑑
2𝜋𝜋

0

=
1

2𝜋𝜋
� |𝜑𝜑(𝑧𝑧)|𝑝𝑝ℜ�𝑧𝑧 

𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧)�

2𝜋𝜋

0
𝑑𝑑𝑑𝑑 −

1
2𝜋𝜋

� |𝜑𝜑(𝑧𝑧)|𝑝𝑝ℑ �𝑧𝑧 
𝜑𝜑′(𝑧𝑧)
𝜑𝜑(𝑧𝑧)�

2𝜋𝜋

0
 𝑑𝑑𝑑𝑑. 

Finally, 

𝑟𝑟 𝜕𝜕 
𝜕𝜕𝑟𝑟

 �𝑟𝑟 𝜕𝜕
𝜕𝜕𝑟𝑟
� 1
2𝜋𝜋 ∫ |𝜑𝜑(𝑧𝑧)|𝑝𝑝 𝑑𝑑𝑑𝑑2𝜋𝜋

0 �� = 𝑝𝑝2

2𝜋𝜋 ∫ |𝜑𝜑(𝑧𝑧)|𝑝𝑝  � 𝑧𝑧 𝜑𝜑′

𝜑𝜑
�
2
𝑑𝑑𝑑𝑑2𝜋𝜋

0 .∎ 
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