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Abstract

In this paper the positive Py, matrix completion problem for digraphs of order 4 with zero, one, two and three
arcs isconsidered. It is shown that a partial positive P,, matrix specifying digraphs of order 4 with zero, one,

two and three arcs have completion.

Keywords: Partial matrix; principal sub matrix; principal minor; matrix completion; positive Py, matrix;

symmetric pattern; isomorphism.
1. Introduction

A real n X n matrix is called a positive Py, matrix if all its entries are positive and all its principal minors are
non negative. A partial positive Po; matrix is a partial matrix in which all fully specified principal sub matrices

are positive P, matrices [2].

* Corresponding author.
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A pattern for n X n matrices is a list of positions of an n x n matrix and it is a subset of (1,2,...,n) X
(1,2,...,n) . A positionally symmetric pattern is a pattern in which (i, j) is in the pattern if and only if (j, i) is
in the pattern. A partial matrix specifies a pattern if its entries lie exactly in those positions listed in the pattern

[1].

A graph G = (V, E) is a finite non empty set made up of vertices and edges. A sub graph of a graph ¢ = (V,E)
isa graph H = (V',E") where V' is a subset of V and E’ is a subset of E [3].A digraph D = (V, A) is a finite set
of positive integers V whose members are called vertices and a set E of ordered pairs (u, v) of vertices called
arcs (directed edges). A digraph which contains all possible arcs between its vertices is called a complete
digraph. A sub digraph of a digraph D = (V, A) is a digraph H = (V', A") where V' is a subset of V. and A’ is a
subset of A4 [3].

Graph theory is considered to play an important role in the study of matrix completion problems. A positionally
symmetric pattern for n x n matrices that include all diagonal positions can be represented by means of a graph
G = (V,E) on n vertices, where V = {1,2, ...,n} and E is the edge set. For 1 < i,j < n, the edge (i, ) belongs
to E if and only if the ordered pair (j, i) is also in the pattern. A non symmetric pattern for n X n matrices that
includes all diagonal positions, is best described by means of a digraph D = (V, E) on n vertices. Therefore the

directed arc (i,j) ,1 <1i,j <n,isinthearcset E if and only if the ordered pair (i, ) is in the pattern [1].

In many situations it is convenient to permute entries of a partial matrix. A permutation matrix P is obtained by
interchanging rows of an identity matrix, therefore all its entries are either 1 or 0 and there is exactly one 1 in
each row and each column of the matrix. A permutation similarity of A is a product PT , where P is a
permutation matrix. This is represented on a digraph by renumbering the vertices. As a result of the following

lemma, we can permute a partial positive Py, matrix and hence renumber vertices as is convenient.

Lemma 1.1: The class of P, matrices is closed under permutation [1].

Remark: Two digraphs D; and D,are isomorphic if it is possible to obtain D, from D, by renumbering the

vertices[1].

The matrix completion problem deals with determining whether or not a completion of a partial matrix exists for
a certain class of matrices. A description of circumstances is sought in which choices for the unspecified entries
may be made so that the resulting matrix is of the desired class.

In recent years, graphs and digraphs have been used very effectively to study matrix completion problems.
Classes of symmetric matrices like P matrices have been studied by means of their graphs while matrices

without positional symmetry have been studied by means of their digraphs.

Since the class of matrices we are studying is not symmetric, we use digraphs. A partial matrix specifies a
digraph if its specified entries are exactly the arcs on the digraph. The digraphs used in this study include all

diagonal positions [3].To obtain a partial matrix, an arc on the digraph represents a specified entry on the partial
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matrix, denoted by a;; , while a missing arc on the digraph represents an unspecified entry on the partial matrix.

Some study has been done on positive Py, matrix completion. In [2], Hogben established that all digraphs of
order 2 have positive Py, completion. In [4], J. Mutembei and his colleagues showed that all digraphs of order 3
with zero, one ,two and three arcs have positive Py, completion. In [5], J..Mutembei and his colleagues also
showed that a digraph of order 3 which omits only one arc has no completion. However, much of the study on

this class of matrices has not been done to solve the class of matrices.

In this paper, the positive P, ; matrix completion problem is discussed for order 4 digraphs with zero, one, two
and three arcs. Throughout this paper, the entries of a partial matrix A are denoted as follows; d; denotes a

specified diagonal entry, a;; denotes a specified non diagonal entry, and x;; an unspecified entry, 1 < i,j <n.

All order 4 digraphs with zero, one, two and three arcs are considered and 4 x 4 partial matrices specifying

these digraphs constructed. The construction of the digraphs is guided by the graphs of order 4 as given in [6].
CASE1l:p=4,9q=0

There is only one digraph in this category up to isomorphism.

L ] .
dl X12 X13 X14
Xy 0, Xy Xy . . ) . .
= 0, 1° .
Let A be the partial positive Py, matrix representing the digraph above. By
X3l X32 3 X34
X41 X42 X43 4

definition of the completion d; >0 d, >0,d, >0and d, >0

Considering the principal minors of A, we have; Completion of the 2 x 2 and 3 x 3 submatrices follow from

[4], therefore we show completion of the 4 x 4 matrix A.
|Al = d[dadsdy + Xp3X34%42 + X24X43X32 — X24d3X45 — X34X43d7 — daX3Xs3]
“X12[X21d3dy + Xp3X34%41 + X24X42X31 — X2403Xa1 — X34X43X21 — daX31%53]
+2013[x01%32dy + daX34%41 + X24X42X31 — X24X32X41 — X34X42%21 — daX31d,]

X14[X21X32%43 + dpd3Xsq + X23X42X31 — Xp3X32Xa1 — ApX31Xa3 — X21X420d;5]
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The first term d,d,ds;d, is positive, therefore setting the specified entries to be sufficiently large and

unspecified entries to be sufficiently small gives |A] = 0, hence the matrix A has completion.

Table 1
Sub matrix | Determinant
A(1,2) dy dy = X12X21

A(1,3) dyds — x13X3;

A(1,4) dydy — X14X4;

A(2,3) dyds — Xp3%3,

A(24) dydy — X24%4

A(3,4) d3dy — X34%43

A(1,2,3) d1dyds + X12X53X31 + X13X32X21 — X13X31dy — Xp3X3,d1 — d3Xp1Xq2

A(1,2,4) didydy + X12X24Xa1 + X14X42X21 — X142 X1 — Xp4X42d1 — daXp1 X1

A(1,3,4) dyd3dy + X13X34X41 + X14X43X31 — X14d3X41 — X34X43d1 — daX31Xq3

A(2,3,4) dydsdy + Xp3X34%47 + X24X43X30 — X24X42d3 — X34X43d; — dgX32X74

A(1,234) di[dydsdy + Xp3X34%45 + Xp4X43X35 — Xpad3Xay — X32Xa3dy — dyX37Xp3]
X12[X21d3ds + Xp3X34%X41 + X24X42X31 — X24d3Xa1 — X34X43%21 — AgX31X23]
+X13[X21 X320, + dpX3aXa1 + X24X42X31 — Xp4X32Xa1 — X34X42X21 — dyX31d,]
X14[X21X32%43 + dpd3Xsq + X23X42X31 — Xp3X32Xa1 — ApX31Xa3 — X21X42d;5]

CASE 2: p=4, q=1:There is only one digraph in this category upto isomorphism.

Figure 1

di a2 xa T

Let A— To1 dy Ty Tay
T3 T dy Ta
Ty Ty Ty dy . . . . .

be the partial positive Py ; - matrix representing the digraph above. By

definition of the completion d, >0 d, >0,d, >0,d, >0and &, >0

Considering the principal minors of A, we have: Completion of the 2 x 2 and 3 x 3 submatrices follow from

[4], therefore we show completion of the 4 X 4matrixA.
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Table 2
Sub matrix | Determinant
A(1,2) dy dy — ay3%5;

A(1,3) did; — x13X31

A(1,4) didy — X14%4q

A(2,3) dyds — xp3%3

A(24) dydy — X24%4

A(3,4) d3dy — X34%43

A(1,2,3) didyds + A12X23%31 + X13X32X21 — X13X31d7 — Xp3X32dy — d3Xp1 X1

A(1,2,4) didydy + A12X24%41 + X14X42X21 — X1402X41 — X24X4201 — dyXp104;

A(1,3,4) dyd3dy + X13X34%41 + X14X43X31 — X14d3X41 — X34X43d1 — daX31Xq3

A(2,3,4) dydsdy + Xp3X34%47 + X24X43X30 — X24X42d3 — X34X43d; — dgX32X74

A(1,2,3,4) dildadsdy + x53%34%42 + X24X43X35 — Xpad3Xsp — X34Xa3dy — dyX37X3]
~A12[Xp1d3dy + Xp3X34%a1 + X24X42X31 — Xpad3Xa1 — X34X43X21 — AgX31X23]
+X13[X21 X320, + dpX3aXa1 + X24X42X31 — Xp4X32Xa1 — X34X42X21 — dyX31d,]
X14[X21X32%43 + dpd3Xsq + X23X42X31 — X23X32Xa1 — ApX31Xa3 — X21X420d;5]

|A| = dy[dydsdy + Xp3X34%47 + X24Xa3X32 — X24A3X40 — X34X4305 — daX32X23]

~A12[Xp1d3dy + Xp3X34%a1 + Xp4X42X31 — Xpal3Xaq — X34X43X21 — dgX31X23]

+X13[X21X32d4 + dpX3aXa1 + X24X42X31 — X24X32Xa1 — X34X42X21 — dyX31d,]

“X14[X21X32%43 + dpd3Xyy + Xp3X42X31 — Xp3X32X41 — ApX31X43 — Xp1X42d5]

Since the term d,d,ds;d, is positive, therefore setting the specified entries to be sufficiently large and

unspecified entries to be sufficiently small gives |A] = 0 hence the matrix A has completion.

CASE 3: p =4, q=2: The digraphs in this category upto isomorphism are;

() (i) (iii)

Figure 2
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Sub case: 3(i) :

di  aip 113 T4
I r.fg Tog Toy
Let A=

.i'3] .i'3-_‘ iffﬁ J‘:}j

4] 42 Ty3 t'f.1

be the partial positive Py ; - matrix representing the digraph 3(i) above. By definition of the completion d; >

0,d2>0,d3>0,d4>0,a12>0 and a41>0.

Considering the principal minors of A, we have:

Table 3
Sub matrix | Determinant
A(1,2) dy dy — ag2%2,

A(1,3) did3 — x13%3;

A(14) didy — Ay4%41

A(2,3) dyds — Xp3%3

A(2,4) dydy — Xp4%42

A(34) d3dy — X34%43

A(1,2,3) dydyds + ay3X53X31 + X13X32X21 — X13X31dy — X23X32d; — d3Xp1 X1,

A(1,2,4) d1dydy + A13X24%41 + A14X43X01 — Q14X — XpaX4d1 — dyXp1Q45

A(1,3,4) didsdy + X13X34X41 + Q14Xa3X31 — A14d3X41 — X34X43d1 — dgX31X13

A(2,34) dpdsdy + X23X34X47 + X24X43X32 — X24X4203 — X34X430, — dyX32X24

A(1,2,34) di[dydsdy + Xp3X34%45 + Xp4X43X35 — Xpad3Xsy — X34Xa3dy — dyX37Xp3]
~A12[Xp1d3dy + Xp3X34Xa1 + Xp4X42X31 — Xpal3Xaq — X34X43X21 — dgX31X23]
+xX13[X21 X320y + dpX3aXa1 + X24X42X31 — X24X32Xa1 — X34X42X21 — dyX31d,]
~A14[Xp1X32X43 + dad3Xay + Xp3X42X31 — Xp3X32X41 — dpX31X43 — Xp1Xa2d3]

Completion of the 2 x 2 and 3 x 3 submatrices follow from [4], therefore we show completion of the 4 x 4

matrix A.

|A| = dy[dydsdy + Xp3X34X47 + X24Xa3X30 — X2403Xs — X34X4305 — dyX35X53]

~A12[Xp1d3dy + Xp3X34%a1 + X24X42X31 — Xpad3Xa1 — X34X43X21 — AgX31X23]

+X13[X21 X320, + dpX3aXa1 + X24X42X31 — Xp4X32Xa1 — X34X42X21 — dyX31d,]
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~A14[Xp1X32X43 + dad3Xay + Xp3X42X31 — Xp3X32X41 — dpX31X43 — Xp1Xa2d3]

CASE 4: p=4, g=3: The only digraph in this category upto isomorphism are;

Since the term d,d,ds;d, is positive, therefore setting the specified entries to be sufficiently large and
unspecified entries to be sufficiently small gives |[A| = 0 , hence the matrix A has completion. By similar
argument, partial matrices specifying the digraphs 3(ii) and 3(iii) can be shown to have completion. Therefore

all digraphs of order 4 with two arcs have positive Py, completion.

— ]
™
i

Figure 3

Sub case: 4(i)

Elr] T2 1z T4
Ty dy Tas Ty
r31 32 dy a3

gy Tg2 Tyn t'f.t
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be the partial positive Py 1 - matrix representing the digraph 4(i) above. By definition of the completion d; >

O,dz>0,d3>0,d4>0,a13>0,a34>0 and a4_1>0.

Considering the principal minors of A, we have:

Table 4
Sub matrix Determinant
A(1,2) dy dy — Xx12%51

A(L,3) did; — a;3x3;

A(1,4) didy — X144,

A(2,3) dyds — xp3%3

A(2,4) dyds — X24%4

A(34) d3dy — A34%43

A(1,2,3) didyds + X15X53X31 + Q13X32X21 — Ay3X31dy — Xp3X32d1 — d3Xp1 X1

A(1,2,4) d1dydy + X15X24041 + X14X42X21 — X1405041 — Xp4X42d1 — daXp1 X1

A(1,3,4) dd3dy + A13034Q41 + X14X43X31 — X14d3A41 — A34X43d7 — duX31043

A(2,3,4) dydsdy + Xp3A34X47 + X24X43X37 — X24X4203 — A34Xa3d; — daX37X04

A(1,2,3,4) di[dadsdy + x33034%47 + X24X43X30 — X24A3X40 — A34X43dy — dgX35%X53]

X12[X21d3ds + X23A34G41 + XpaX42X31 — X24d3X41 — A34X43%21 — A4X31%X53]
+ay3[xp1X32ds + dr0340071 + X24X42X31 — Xp4X32041 — A34Xg2Xp1 — AgX31d5]
X14[X21X32%43 + dpd3as1 + Xp3X42X31 — Xp3X32Q41 — dpX31Xa3 — X21X42d3]

Completion of the 2 x 2 and 3 x 3 submatrices follow from [4], therefore we show completion of the 4 x 4

matrix A.

|A| = d;[dydsdy + Xp3034%47 + X24X43X35 — X24d3Xay — A34X43d; — dyX35%X3]

X12[X21d3dy + X23034041 + XpaX42X31 — X24A3X41 — A34X43Xp1 — AgX31%X53]

+a13[xp1x35ds + drQ34041 + X24X42X31 — X24X32A41 — A34XapXp1 — AgX31d5]

X14[X21X32%43 + dpd3As1 + Xp3X42X31 — Xp3X32Q41 — dpX31Xa3 — X21X42d3]

Since the term d,d,dsd, is positive, it is possible to set the specified entries to be sufficiently large and

unspecified entries to be sufficiently small to give |A| = 0 , hence the matrix A has completion.
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By similar argument, partial matrices specifying all the digraphs above can be shown to have completion.

Therefore all digraphs of order 4 with three arcs have positive Py ; completion.

4. Conclusion and Recommendation.

It has been shown that all order 4 digraphs which are null or have one, two or three arcs have positive Py,
completion. This agrees with the results of obtained from order 3 digraphs [4]. This implies that digraph
characteristics that lead to completion of partial matrices specifying order 3 digraphs are inherited by order 4
digraphs. It would be interesting to extend this research to determine whether this property can be generalized

upto n € Z*.
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