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Abstract

Having good estimates in the computation of the approximation to expressions for the form f(A)v is very important in
practical applications if we know at what stage the algorithm has to stop i.e avoid the principle of "luckybreak”. In this
paper we develop an a posteriori upper bound on the Krylov subspace approximation error. We seek the error committed
between the exact solution and solution of parabolic equations(heat equation) by Krylov approximation methods.The idea
of the method is to approximate the action of the evolution operator on a given state vector by means projection process
onto a Krylov subspace. This estimate will allow us not only to theoretically study the behavior of the convergence of the
Krylov method as well as its stability but also allow us to give the exact size of the Krylov space according to the fixed stop
test and the precisions Wish to establish.

Keywords: Inverses Problems; heat Source; Krylov subspace; Matrix exponential; Krylov projection method; singularity
of function; SVD method.

1. Introduction

From a partial knowledge of the solution w of a partial differential equation (internal measures, border
measures), finding f identification of source is the problem of an inverse problem. The projection methods are
algorithms for calculating eigenvalues and eigenvectors of matrix A of order n in a subspace K of dimension
m < n using a matrix H of order m of linear operator associated with the matrix A in K. If the matrix A is
symmetric, the Lanczos method builds a symmetric tri-diagonal matrix H. If the matrix A is not symmetric,
the Arnoldi method builds a matrix H upper Hessenberg. In both cases, if the algorithm reaches the mth
m < n, we obtain a matrix H,, dupper Hessenberg form of size m x m, and an orthonormal matrix Q,,
n x m, the m columns are defined by vectors q1,q2, - ,¢m. These vectors form an orthonormal basis of the

Krylov subspace
Km(A»(h) = VeCt{qla ACIl»AQC]L e 7Am_1(I1}~
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Where Vect{---} denotes the set of linear combinations of the elements that lie between the hooks.
The algorithm’s parameters:
* g1, any initial vector,
e A, the matrix system,
* m, the size of the Krylov subspace.

We consider the following inverse problem: Find the pair of functions (u(x,t), f(x)) which satisfies:

(ct[1])

ou  0%u
-7 7 = <
92 f(z) 0<z<l, 0<t<1
u(z,0) =0, 0<z<1 1
ou ou
u(z,1) = g(x), 0<z<1.

u(x,t) is the body temperature at a given point 2 of the axis at a given time ¢, and f(z) is the unknown source
of heat depending only on the spatial variable x.
This problem is called the inverse problem of identification of unknown source.

The boundary conditions:

{ u(z,0) =0, 0<z<1
ou ou 2
o - (0,t) = 895( ,t) =0, 0<t<

The final condition: u(x,1) = g(z), where g is a given measurement input internal. In applications, the
input data g(x) can only be measured, and there will be measured data function gs(x) which is merely in
L?(0,1) and satisfies

lg—9sllL2(0,1) <0 3)
where the constant § > 0 represents a noise level of input data.

By the separation of variables, the solution of Problem (1) can be obtained as follows:

o 1— —n2n3t
w(@,t) =Y ————fnen )
n=1
where
{en =V2cosnmz,(n=1,2,---)} (5)
is an orthogonal basis in L?(0,1), and
1
fn= \[2/ f(x)cos(nmx)dx. (6)
0
Making use of the final condition :
00 1— e*TLQTI'2
Z g,€n en—zgnen—zlwfnen (7N
n=1 n=
and defining the operator K : f — g, we obtain:
') 1 . e_n27r2
9(z) = Kf(z) = Zanen. ®)

n=1
It is easy to see that K is a linear compact operator, and the singular values {7, }22 ; of K are

1 76_77‘271,2

n2ﬂ_2 ’(n:1727.'.)' (9)

Tn =
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On the other hand
gn:(gaen) :7nfn(enaen) (10)
ie.,
fn =" gn- (11)
Therefore
=1 > n2n2
f(@)= K—lg(x) = Z ——Y9nén = Z mgnew (12)
n=1 n n=1 —€

Note that A%n — o0 if n — oo, which makes a small perturbation g cause the explosion of the solution. So,
the problem is ill-posed because the solution does not continuously depend on the initial data. As there is no
source of heat which is supplied indefinitely, we posed the question of the applicability of an effective method
of truncation for the identification and regularization of the solution.

We propose in this work:

* In section 2, the applicability of the Krylov method for identifying the source heat, ant its regularizing

effect.

* Section 3 is devoted to the error estimated by replacing the eigenvalues of the matrix A by the eigenvalues

of the matrix H (Ritz values) for the efficiency of the method.

* And finally, in Section 4 we some remarks and conclusion.

2. Approaching Problem (1) by the Krylov Method

Let H = L?(0,1). We consider Problem (1): Find the pair of functions (u(z,t),f(z)) that satisfies
ou  0*u

i 0 1, 0<t<L1
5% 922 f(z) <zr<l, 0<t<
u(z,0) =0, 0<z<1
9 0.0y = 241, =0 0<t<l1
oz ox T -
u(z,1) = g(x), 0<z<1.
It is easy to see that the pair of functions
1-— 8771—275
u(z,t), f(x)) = (2 cos(wx),cos(wx)) (13)
™
1—e 7
is the exact solution of Problem (1.1). Consequently, the data function is g(z) = 5——cos(mx).
T
You can put the couple in the form of solution:
(u(z,t), f(x)) = ((1 e_”2t)cos(7rx),7r2cos(7r:c)> (14)
and
g(z)=(1- e_’TQ)cos(mc). (15)

2.1. Appoximation

Either the system Au =v < u = @(A)v. Our goal is to obtain a solution approached this system that is
sufficiently precise for the needs and lowest possible cost of calculation.

The heat source identified is given by equation (12) :
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+o00o +oo 2 2
_ 1 nem
fl@) =K g(x) = Z 7gnen = Z mgnew
n=1 n=1
N

Which can be written numerically f(x) = Z ©(An)gnen, where p(s) = .
—e

n=1

s .
— An, and e, are, respectively,

N
the eigenvalues and eigenvectors of the matrix of the discretized operator Ay, or g(x) = Z gneén. So, fisof

the form

f=p(A)g= (In—exp(~A)) " Ag
where f,g € R, A € M, (R).
Let A be the unbounded operator defined by:

D(4) = {ue H'(0,1);/(1) = o' (0) = 0}
d?u
Au= 2

where ©(A) is the domain of definition of the operator A.

Proposition 0.1. The operator A is self-adjoint and positive. (cf.[10])

After the semi-discretization of the operator A, we have:

1 -1 0 0 0 0
-1 2 -1 0 0 0
1 o -1 2 -1 0 0
0 0 0o -1 2 -1
0 0 0 0 -1 1

The matrix Ay, is tridiagonal and symmetric by construction.

Proposition 0.2. The matrix Ay, is symmetric and positive.

2.2. Arnoldi Algorithm

n=1

(16)

a7

(18)

(cf.[6]) Let A € M, (R), ¢1 € R™, and m < n. This algorithm computes the factorization of A in the form

AQ = QH, where () € M, ,(R) orthonormal columns and H € M, (R) upper Hessenberg. That is to say, it

calculates an orthogonal basis of a Krylov subspace generated by (g, Ag, A?g, ...., A™~1g) by the method of

Arnoldi and returns the stored column vectors in () and the base of the Hessenberg matrix orthogonalization

coefficients in H. It chooses an arbitrary vector g;

Algorithm

9

Lg=—r
lgll2

2. Forj=1:m do
3. w:= Ag;

4. Fort=1:5 do
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5. hiji=qw

6. w:=w—h; ;g — orthogonalization of w, h; ; = (Aqgj,q:), 1 < j
7. end

8. hjy1,5:=|wle — hjy1,;=0if j=1L

9. if hj41,; >0 then
w
10. q¢jq1 = —
! hjt1,
11. otherwise
12. qj+1 = 0
Arnoldi Approximation

Was as given: A € M, (R), g € R™, and m < n. The result of the approximation is given by

o(A)g = fm = 9lQme(Hm)er

19)

where @),,, and H,, are the matrix of the Arnoldi procedure, and e; is the first vector of the canonical basis of

R™ (cf.[4]).

As the matrix A is tridiagonal and symmetric, for convenience, an algorithm is used which makes the

Lanczos matrix H,, = T}, a tridiagonal symmetric matrix, as the Arnoldi method is more general. (cf.[3])

2.3. Lanczos Algorithm

(cf.[9])

1. Letgy =0, ﬂo =0,and ¢; € RN such that ||q1||2 =1

2. Is calculated successively for j =1,--- ,m

3. zj:=Aq; — Bjqj—1 — Direct iteration

4. o = (25,q5) — Scalar Product

5. zj =z — o gj — Orthogonalization

6. Bj+1:=|lzjll2 — calculate the Euclidean norm

7. if 841 := 0, then stop.

Py
— Normalization

8 gj1:= Bji+1

9. End

Is thus obtained m orthonormal vectors g; and a tridiagonal symmetric matrix 1" size m X m (matrix Rayleigh)

of diagonal elements
aj =T} ; and extra diagonal ﬁj =T 1=Tj_1;.

The Krylov approximation of the vector f is given by:

fm = ||g||Qm@(Tm)el

or o(Ty)=Un —eacp(—Tm))_le.

41
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2.4. Numerical Results

We took N = 200, m = 100, and—as the starting vector of the Lanczos Algorithm—uv = g, with g € RN,

which is the test function.

Exact Solution and SVD Solution

Exact and approximate Solutions

Exact
8| — — —Krylov

a b
Figure 1: Graphical representation:(a) exact solution and approximation of Krylov, (b) exact solution and
singular value decomposition (SVD) solution.

Exact, Krylov, SVD Solutions Errors

151 0.25

Exact Exact/Krylov
— — —Krylov exact/svd
0 SVD Krylov/svd

0.2

‘ |
0.05

0 50 100 150 200 0 50

C d

Figure 2: Graphical representation:(c) exact solution, approximation of Krylov and SVD solution, (d)
respective errors.

The SVD (Singular Value Decomposition)is the method used by Matlab to calculate the matrix functions.

3. Error Estimation

Let A € M, (R) symmetric positive definite matrix. Our goal is to calculate the error estimate of || f — fi,||2 to

assess the accuracy of the result. Substituting the values of the matrix ¢ (A) by those of ¢ (H,y, ), what is the error?

Our objective here is to estimate the quantity || f — fo, ||-

Let A € M,,(R) be a positive symmetric definite matrix. It has

n n n
LAy i Ai
f=p(A)g=AT-e")"Tg=>" Tf_,\igiei =) Tf_M(g,ei)ei =Y e\i)(g.edei (21
=1 =1 =1
g € RN, where (\;,e;) are the pair of eigenvalues and eigenvectors of the matrix A:
n
Aei = Nei, (ei,e5) = bij, R" = Plei].
i=1
o = 9ll2Q@me(Hm)er = [|g]l2(QmHm (I = e~ Hm) ey (22)

We use the Chebyshev series that are important approximation theory. It is known that the truncated expansion

of a function by Chebyshev series polynomial is the best at approximating the sense of the uniform norm on
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the segment [—1,1]. (cf.[7])
Let A1, A2,--- Ay and B1, B2, - - - Bm, with m < n the respective eigenvalues of A, and
H = Q'AQ, where H € M,,(R) the Hessenberg matrix, Q € M, ,(R), Q'Q =1, ||Q| < 1.

We have the following relation between the eigenvalues of A and those of H (Ritz values) (cf.[12]) :

M B < Any i=1,2,-om, with A1 > N, Biv1 > B

n
Ifg= Zglel = Z g,€;)e;, where (e;) is an orthogonal basis of L2[0,1], then f = Zgap ;)e;. The
=1

i=1
(g,e;) are called Fourier coefficients.

As approximate values of f we take the vector f,,, = pp,(A)g, where py, is a polynomial
deg(pm) <m—1.

The A; and 3; are known. Let A1 and A, be lower and upper bounds, respectively, of the spectral interval of A.

An+ A
LetB:)\:i_/\if . —)\1A with —1I,, < B < I, orelse | B|| <1 and
y= 3 3 (An + A1 — 22) is a linear function defined over the spectral interval of A and I,, matrix of order
n — A1
n. Define a function h on the segment [—1,1] so that h(B) = p(A):
At+A—(An—A
h(l‘):<,0< n T A1 2( n 1).’];) (23)

Consider the Chebyshev series of function h, h(x Z hi Ty (x), where hy, are the Chebyshev coefficients

with hy, = h(z)Ty(x)(1 —22)~2
1
and T}, are Chebyshev polynomials of the first kind and satisfy the recurrence relation: Tp(z) =1, T3 (z) = «,

Tpy1(z) = 22T (x) = Tp—1(2), k = 1.

min(2,k+1) (7! 1
™

The family (7},) forms a basis of the Hilbert space L?(w), where w = on the [—1, 1] is the measurement

1
V1—22

of the dot product.

It is orthogonal with respect to the weight function w:

-1
/1 Tn(2) T (z)w(z)dr =0 for n#m.

As frn =pm(A)g = ||g9]|Qp(H,, )e1 because (K, ~ Py,—1) you can also ask in the same way:

An + A1 2
V= I, — H, ||V|<1. 24
- S VI < @4
Theorem 0.3. (cf.[2]) Assume that the series h(x Z hi Ty () is absolutely convergent in [—1,1], then
hold the following equalities:
“+oo
fofn= Y <hka<B>g BQllgITi(V ) Z e (Tk gl QT(V)e ) 25)
k=m
we have the error bound:
+oo
1f = Fnll < 2llgll D 1l < +00. (26)
k=m

Calculation of error 6,,, = || f — fm||

For function f = p(A)g = A(I —e~“)~1g, we try to bound the Fourier-Chebyshev coefficients of the function

linearly translated onto the spectral interval of the symmetric positive definite matrix A by estimating the
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function’s values on ellipses whose poles are the endpoint of the spectral interval. An ellipse and its interior
must not contain the function’s singularities (z = 0). We guess that the sum of semi-axes of such an ellipse
can be optimized.

Let Er be the ellipse in the complex plane with foci -1 and 1, and with the sum of semiaxes R, R > 1. This

ellipse is also determined by the formula

ER:{W’ O§¢§27r}. 27)
Let

a:)\";)\1>0, c:;\:fiin.

B:izfiifanniAlA, 1B < 1.
We have:

[[—e A A= [T —e =B~ 1g(cI, — B) (28)
because h(B) = p(A), then h(w) = (1 —e~4¢=9))"lg(c—w), w € Er. We accept the following theorem

Theorem 0.4. (cf.[8])

If a function f is analytic in the domain, bounded by the ellipse Er, and continuous up to Er, such that
F(2)| < M(R),= € Ep,
then the Chebyshev coefficients ay, of f satisfy the inequality
lay| < 2M(R)R™*
and for every r € [1, R) the Chebyshev series
a oo
?OTo(Z) + kz_:laka(Z)

of the function f uniformly converges to f on the closed set bounded by the ellipse E,.

Applying the theorem 0.4 to the function h. We have
h(w) = (1 —e~*c=9))~1g(¢c —w) with w € ER. It can be continuous extended:
alc—w)
h(w)={ T-eatew) C7 ¥ (29)
h(c) =1,

where 7 is analytic at c. Therefore, c is a removable singularity of the function h. As the ellipse must not
contain singularities of the function h, seek other singularities in the plane complex near the spectral range.

We know, in general, that the function

6:Jﬁ—i—zy — ¢

is an entire function which has a single point at infinity. This is a periodic function of period of y 27, and

therefore a function of z 274 period.
1—e @) =g emalew) =1 = 2™ nel
Therefore, the function h has pole of order 1 to

—a(c—w)=2mni for n=---,—-1,0,1,---.
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The nearest singularities of the spectral interval are n = —1,0, 1, and consequently, one has:
. 2w
—alc—w)=2mi S w=c+ .
a
For n = —1, we have w = ¢ — 2&¢

a
For n =0, we have w = ¢
For n =1, we have w = ¢+ =™ 2’”
thus, ¢+ <& 27” and c— 27” are non-removable singularities of h.
For symmetric positive systems as defined in our case, the ellipse envelope spectrum of A degenerates into
spectral interval [Apin, Amaz] On the positive part of the x-axis.
Re' + R~1le~19

3 .

1 1 1
E) and po = i(R_ E) the major axis, we have

weEFpr=>w=
. . . 1
If we put the ellipse minor axis p; = §(R+

(R—%)< lw| < = (R+ (30)

R)
. 1 1 s ‘
Introduce the Zhukovsky function 1(z) = 3 (z+—),2#0, and its inverse is
z

d(w) =w+Vw?—1, w e C\[—1,1] where C is the set of complex numbers (so ¢(w) is defined for all

complex w excepting those belonging to the real line segment [—1,1]). The nearest singularities of h are on

(o)

The value of R is independent of the sign, due to the symmetry. Fix this value of R. Notice that these two

the ellipse E'r, with

non-removables singularities are simple poles. Then, decompose

E:}Al1+il2+i13. (32)
where
N . Res(hC—O—zm) Res(hc—@) N Res(hc—|—2’”) . Res(hc—@)
M T T ey T e T 09
a a a o

And Res denotes the residue of an analytic function at a pole.

Calculate R

. . .\ 2
2 2 2
a a a

2 .
Let z = x + iy, such that ¢? — 4(1% — 1 dme — g2 2 4 952y; we have:

a

27 A72  dime
=let =y - =),

2
x2_y2_02_4ai2_ (Z)
Ty = % (i)
2 2 2
22 +y? = <02 - 4@% - 1) 4 L6mc 0
1 4 1 472 1672c2
2_ 1,9 2
(1) + (#it) = = —2(0 5 ) 2\/< - - ) -
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1
2rc 1 2mc[1, 5, 47 1 472 2 16m2¢2] 2
(i) =y=="r—x_== [2(0 = )—1—2\/(0 - +

Thus, z =z +iy =

Let
2
N EPPL R B ORI Ui
2 a? 2 a? a?
and
1
1 472 1 4Am2 167227 2
-1 _ 2
a =[5 ‘a2—1)+2\/<02‘az— ) =]
therefore
Whether
472
chm)?(HM) (34)
Calculate

ﬁ::ﬁl%—ﬁ24-ﬁg

The poles are simple:
2

wn =c+ NEL

Letw =w, +t, wheretis avery small number.

The residue of h at these points:

—2nm .
a( =2 —t¢) —at — 2nmi
h t)= < . = . 35
(wn + ) 1— 670‘( —2:771 +t) 1 — eat ( )
By the division was:
h(wn +1) —2nmi — at 2nmi
Wn, = =
—at — a%t2 — 34313 - at
The residuals are the coeflicients of % = a_1. Therefore, Res(h,w,) = %, and consequently,
2w 2w 2mi —2m
Res(h,c—i—ﬂ):ﬂ, et Res(h,c—ﬂ): iy
a a a a
Remark 0.5. As the poles are simple, we can use the formula h(w) = %.
If f(a) #0, g(a) =0, and ¢’ (a) # 0, then Res(%,a) =a_1= U}igla(w —a) g((:j; = ;/((Z))
Wi Res(h,c+25)  Res(h,c— 22%) _alc—w) 2mi 2mi
' w—c—% w—c—&—% C 1—ealc—w) w—c—% w—c—&—%'
“ alc—w) 2mi 1 2mi 1
M) = e " a (aemm Vg X oter

alw—c) 271 2mi

= — — — .
- 2 2
etw=0) -1 gw—c—2t)  g(w—c+ 2

(36)

Let us consider two discs A (c— 22, Z) and Bg(c+ 2Z%, T ) on the ellipse. We look for an increase of hi(w)
on the whole ellipse. We separately estimate the function on a set around the poles and on its complement in

the ellipse. To do this, we will proceed in three steps.
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SteP 1

2

Let us consider the disc Ay with center ¢ — 2Z¢ and radius 7

o

- Figure 3: Error estimation around the poles of the ellipse.

AR:{weER, w—c+@|< } (37)

Letha(w—H—%)za(w—c)+27ri;therefore,w:c—%+§ andw € Ap = | X| <.
We have

27ri+X _ X —2m1 +2m' 271 _X72m‘+2m‘ 211
a a’ eX2m_1 X X—4dm eX-—1 X X -—4mi

X omiX +(27ri)X(eX—1)+1 1
eX—1 X(eX-1) X2(eX —1) 2 ( _%)
_ X omiX +(27ri)X(eX—1)+1X 1- X+ X
eX—1 X(eX-1) X2(eX —1) 2 ( _%)
2mi (2mi)(eX —1)] X 11 X
===+ 3 ——tst————
X X et =1 2 8mi(l-45)
+oo
X X b2n 2
We set H(X) = X1 =1- *4-2 X ", where ba,, are the numbers of Bernoulli.
It is known that
(2n)!
b2n| §4W fO?” TLZ 1 (38)
= b2n

By asking that '(X) = — 5 + Z X2” we have H(X) =1+ (X), and F(X) becomes

1 o (2mi)(eX —1 1 X
F(X):+{1—m—|—( mi(e” ~1) et (39)

5 Z p }(H—\I/(X))—&-

It is also known that

X +0 v +00 yvn—2 n—2 +oo n

et —1 1 X X 1 1 X 1 1 X
=l ) =2 *+§: 5

X2 X nl X TX T2 o)

n=1
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2mi (2mi) (e —1)

Calculate the term 1 — 5'd + 2 in F(X)
omi  (2mi)(eX —1) 2 1 1 X xn = oxm
A LAt R L) V13 (e = =1 2 S
x 't x x "2 X+2+n§::l(n+2)! e m;(n+2)!
1 K/ x\"
Then, —— = — ] . Replace these t by their value in F'(X
en 1_% nzzo<4m> eplace these terms by their value in F'(X)

F(X)Z%—F {1+m+2m§ﬁz)!] [1+\II(X)]+87XZ <4X>

= ;+1+m‘+(1+7ri)\IJ(X)+27Ti(1+‘I’<X))(io (n)—(an ) f <4X>
:2+m'+(1+m)qf(X)+2m‘(1+\If(X))(:E::o (n)_iz ) f <4X> '

By passing to the module we have

+oo n
IF(X)| < 9+4” VO™ AT 2w (X)| 4 20 (1 + | (X )|)<Z(|X| > \Z

n+2

For w € AR, we have | X| < 7; thus,

(X |X| an 2n f+4—§:o ! 72" according to the relation (38)
2 n:1(27r)2” g
T +oo 1 ) . +o00o 1\ "
T4y - Ty -
1Y o =543 (1)
n=1 n=1
T4
23
+oo too
X" X" x
_— —]_ 7T—l.
D G <2 e se
400 n 400 n
X 1
<2 (G) -F
=0 n=0
And finally
94472 4 7 1
|F(X)|§E+ 1+772(I+7)+27r(z+7)(eﬂ—1)—|-*=M1- (40)
2 2 3 2 3 6
Let
sup |71 (w)| < M (41)
wEAR
StEP 2

Let us consider the disc Bg of center ¢ + <& 27” and radius 7-

a

2
BRZ{WEER7 —C—ﬂ‘ ﬂ.} 42)

LetY = a(w—c— 2) = a(w — ¢) — 27i; therefore, w = ¢+ 2% + X andw € B = Y| < 7.

‘We have
A A 2wt Y Y +2m 2m 2mi
(¥) 1) et a +a) e¥Y —1 Y +Y+4m’
Y 2miY 2r)Y(e¥ —-1) 1 1

T Ity o) ey -1 2(1- 1)
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_ . vi v
Gy = y | 2my _@m)Y(e¥ —1) 1 l-mta
e¥Y -1 Y(e¥ —1) Y2(e¥Y —1) 2 (1-Xh
_ 1Jr@_(m)(ey—l) Y +l+i Y
B Y Y? ¥ —1 2 8m(1-Yi
2mi (2mi)(e¥ —1) 1 i Y
=1+ NIV o —
{+Y Y2 L+ )]+2+87T(1—%)

. - Y
Calculate the term 1+ % — (27”))(/762_1) inG(Y)

. . . . +00 vn
27”1_(271-%)(6}/—1):1—"-2;”—(?;)(Zi;')

1
+ Y Y2 —
. —+o00 )
271 . Yy
_1+Y—(2m)<z " >
n=1
. . +o0
2wt 27 yn"
=14+ —— — —mi—2mi e
Ty vy ™ WZ(;(TH—Q)!)

+oo Yn >

We have:

Gv) L+ {1_m_2m§ = “*‘I’m”g;yg (%)

- ;fmﬂkm')\p()f) 27ri(1+\If(Y))<+ZOO (ning)[) +;Ty§ @:)”

n=

=

Finally, we have:

VO+4r? 4 7 1
G| < T +VI+m2 (G + )+ 2n(5 + )€ — D+ = M. @3)
Let
sup [hy(w)| < M. (44)
wEBR
StEP 3

Let us consider w € Er \ (Ar U BR)

a0, >1, R>1, Fy(10),

Fy10), X<,

Figure 4: Error estimate on the complement of the set.
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We have

27 2mi
wGER¢|wa*ﬂ|ZZ and |wfc+ﬂ|zz. (45)
a a a a

Let the major axis be p; = %(R + %) and pp = %(R - %) the minor axis, and let us consider the circle of
center ¢ containing the ellipse.
We have
Ve ER\(ARUBR),|lw—c| < %(R+%)+c:p1 +c
“ a(w—c) 2mi 2mi

1) et@=9) -1 qw—c—2)  g(w—c+ 2%

By passing to the module we have:

- la(w—c)] 27 27 a(p1+c) 2r a 21  a
Iha (@) = alw—c) _q| —— 2mi + —_ 2mi| = |pa(w—c) _ T X e X7
le 1 aw—c—= alw—c+Z 7 e 1] a @® a =«
? a(p1+¢)
|h1(w)| <4+ |ea(wfc) — 1|. (46)
It is known that [e®(«—¢) — 1| > |[e®(“—¢)| —1|; therefore,
A alpr+¢) apr+¢)
< — < —_—
|h1(w)| <4+ el — 1] = |lealo—e)| —1]
Then, for w € ER\ (AgrUBR), take w = x + iy, and we have:
ea(w—c) _ ea(z—c—i—iy) _ ea(w—c) > eiay7 ‘ea(w—c)| _ ea(z—c).

A result
o=~ 1] = [e==) -1

. Seek 1 > 0, such that Vw € Eg \ (AgUBR), |[e®@=9|—1|> p.
Let x1 , 2 be the abscissa of the projection of two endpoints circles Ar and Br on the major axis of the
ellipse.

w=zx+iy=z <z, where x> xo.

Letwy = (351 +iy1) s

)
N

s 9 2mi g 9
w1 —c+ . 2 (r1—0¢)" 4+ (y1+ . ) . (r1—c)* <

@M‘ 3

™ s s ™
——<z1—c<—=c——<uz1 <c+—.
a a a a

‘Which causes

T T
c——<z1<cand c<xzo<cCcH+—
a a

then,
a(lz—c)<a(z;—c) <0 et(e=2) 1 < et(#1=¢) 1 = gale=21)
a(x—c) >a(zg—c)>0 et(r2—c) _1 > ealz—c) 1
|ea(mfc) —-1|>1 _gale—a1) for x<ux
and

|e“(zfc) —1| > min(1— emalema) ealzz—c) _ 1).
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Let jo = min(1 — e~a(c=o1)_ca(e2—¢) _1), < p<1

z1 and s
are the solution of ) )
x
— + % =1
P P2 9
27 T
(w=+y+—)" =3
a(p1+c
()] < 44 40110 47)
I
Let
M(R) = max <M1,4 + W) (48)
7
where sup |y (w)| < M(R).
weER
It is a graph or a resolution to find the algebraic resolution abscissa x1 and x5 of the point of intersection Er
2 2
to the circle (z —¢)? 4 (y + 7T) % with o = min(1 — e~ @(c=21) ealza—c) _1q)
a
0 < pl.
By Theorem 0.4,
—k
a(p1+c) 472 :
[P 1] SQM(R)Rfk = 2max (M1,4—|—> x| (c4a)? (1+22> . (49)
7 a’a
. Res(h,c+ 27”) % —2mi 1
ha(w) = ori Imi 2
w—c— =t w—c— =Tt a \(c+*)—w
The Chebyshev coefficients of the functions hy and hg are determined by the identity
1 4¢ Zo —k
it 2Z¢zo Ti(w), z0 € C\[-1,1],
which is a reformulation of formula (25) in theorem 10.4 of Paszkowski’s book (chapter 2, p.10).
Apply this formula ho
. omi 1 omi [ Ag(c+ Eh)~ 2mi
hz(w):a(wgi)w):a(l PPy 2Z¢’< ).
Let p = ¢(c+ 224)~1; we have:
N 271 4p = k 2m ip > 8i [ pktt
h = — T, = T = — | — |7
=™ (12t ) =3 T (P )
k=0 k=0 k=0
Or,
oo
ha(w) =Y hiTi(w)
k=0
So, by identification,
o — 8i [ phtl
k2= \1—p2 )
By passing to the module we have:
87T k—i—l
L e (50)
p?

Similarly,

b= 2 (b )= (R S () M)

a
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Let ¢ = ¢(c— 2%4)~1; we have:

a

ﬁ(w)_—m 4q i M () _i—m 4q T(w)_i—sm Vs Ti(w)
3 - a 17q2 q Li - a 17q2q k - a 17(12 k .
k=0 k=0 k=0
Or,
oo
ha(w) = i Ty (w)
k=0
So, by identification,
—8mi [ ¢Ft!
hi,3 = <
5 1_q2
By passing to the module we have:
87 qk+1
hsl = 11— | (51)
As a result,
%k:
A2 k+1 k+1
|hie| < |, 1|+ I 2]+ |y, 3| = 2max M1,4+M x [ (c+a)?( 1+ + 5|2 i) 4
’ ’ ’ w a’a? a|l=p?| a|l—g
(52)
too ph+l too k+1
p1+c _ 8w 87| q
hil <2 My,4 Rk — .
PR e e RPILATS b kami I b Foe
=m k=m =m
R—™ il m+1
> > -2
Jrzozo pk+1 _ pm+l _ ¢(C+@)—m—1
S =P | T T =92 | [0 dlet 20 11— glet 220)1)2
Similarly,
i@ s _ gt _ ¢(C_%)—m—1
= [0+ -2 [(1+e(c—2)"1)(1 - p(c—25)71)2
Finally, by Theorem 26 we have the error estimate :
+oo
= [If = Fmll <2[lgll D hal
k=m
N\ 2
e+ (1+ 35 )
a(p1+¢)
Om <2||g||| 2max | M7,4+ . X -+

1—<(c+a)2(1+a427;22>>
et )" N

a |(1+¢(c+250) 1) (1= plc+ 25)~1)?2
ofe— 2y

(1+o(c—22) 1) (1~ ¢(c— 251)~1)2

These singularities will limit the convergence because they are poles of the ellipse, and it is understood that

87T

8m

a singularity at a point on the ellipse has the same rate of asymptotic convergence a pole or other point of the

ellipse.
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4. Discussion

We studied the possibility of using a matrix algebra technique associated with a function which is a Krylov
subspace technique. The analysis of the technique proposed in this work shows that the projection method can
constitute an efficient tool for the approximation of an operator in the resolution of a system. In estimating
the error, we theoretically study the behavior of the convergence of the Krylov method and its stability. This
estimate allows us to give the exact size of the Krylov space by stopping the set of tests and the desired details.
With our approach, it is now in particular possible to efficiently obtain upper bounds for the error by introducing

the notions of residue and singularity of a function.
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